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Abstract. In the present note a spectral theorem for a finite tuple of
pairwise commuting, self-adjoint and definitizable bounded linear oper-
ators Ai,..., A, on a Krein space is derived by developing a functional
calculus ¢ — ¢(A1, ..., A,) which is the proper analogue of ¢ — [ ¢ dE
in the Hilbert space situation with the common spectral measure E for
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tors.

Mathematics Subject Classification. 47A60, 47B50, 47B15.

Keywords. Krein space, Definitizable operators, Self-adjoint operators,
Spectral theorem.

1. Introduction

In the Hilbert space setting the spectral theorem for bounded linear, self-
adjoint operators is a well-known functional analysis result. The same is true
for normal operators on Hilbert spaces. Note that, looking at the real and
imaginary part, a normal operator corresponds to a pair of commuting self-
adjoint operators. For a finite tuple Ay, ..., A, of self-adjoint operators on a
Hilbert space we also have a spectral theorem; see for example [1] or [8]. In
fact, there exists a unique compactly supported spectral measure on R™ such
that A; = fRn s; dE(s), where s denotes a vector in R and sj denotes its
j-th entry.

For a bounded operator on a Krein space the condition being self-adjoint
is not rich enough in order to derive some sort of spectral theorem. Assuming
in addition definitizability, a spectral theorem could be derived by Heinz
Langer; cf. [7]. Here a self-adjoint bounded linear operator A on a Krein
space (K,[.,.]) is called definitizable if there exists a so-called definitizing
polynomial ¢(z) € R[z]\{0} such that [¢(A)x,2z] > 0 for all x € K. This
theorem became an important starting point for various spectral results. The
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main difference to self-adjoint operators on Hilbert spaces is the appearance
of a finite number of critical points, where the spectral projections no longer
behave like a measure.

Focusing not on spectral measures but on the corresponding functional
calculus the spectral theorem for a definitizable self-adjoint operator on a
Krein space was also considered in a somewhat more general form in [6].
The methods used in this work proved to be fruitful enough in order to
derive a spectral theorem for a definitizable normal operator in [4], where
a normal operator N on a Krein space K was called definitizable if its real
part Ay := $(N + N*) and its imaginary part Ay := (N — N*) are both
definitizable in the above sense. Here NT denotes the adjoint of N with
respect to the Krein space inner product [.,.]. Using methods from ring theory
a spectral theorem for a normal operator satisfying a more general concept
of definitizability was proved in [5].

In the present paper we derive a spectral theorem for a finite tuple of
pairwise commuting, self-adjoint and definitizable bounded linear operators
A= (A4,...,A,) on a Krein space generalizing the ideas from [4]. This will
be done in terms of a functional calculus generalizing the functional calculus
¢ +— [ ¢dE in the Hilbert space case.

In the preliminary Sect. 2 we will recall some facts about the spectrum
of a finite tuple of elements of a Banach algebra. Then we will see that the
spectrum of a finite tuple of normal operators on a Hilbert space coincides
with the support of the common spectral measure of this tuple of normal
operators.

Denoting by ¢;(z) the definitizing real polynomials for A; we build a
Hilbert space H which is continuously and densely embedded in the given
Krein space K. Denoting by T : H — K the adjoint of the embedding, we
have TT* = 37", q(A;). Then we use the *-homomorphism' © : (TT*)" (C
Ly(K)) — (T*T) (C Ly(H)), C — (T x T)~Y(C), studied in [6], in order
to drag A; € (TTT) C Ly(K) into (T+T)" C Ly(H). The resulting tuple
O(4) = (6(A1),...,0(A4,)) consists of self-adjoint operator on a Hilbert
space and therefore has a spectral measure A — E(A) on the Borel subsets
of R™.

The proper family F of functions suitable for the aimed functional
calculus are bounded and measurable functions on the subset o(©(4)) U
IT-, q{l{O} of C™. The functions ¢ € F assume values in C on o(O(A4))
VT, qj*l{O} and satisfy ¢(z) € C!(*) where I(z) is finite and C!(*) pro-
vided with proper operations constitutes a x-algebra. Moreover, a ¢ € F
satisfies a growth regularity condition at all points from R"™ N H?Zl qj*l{O}

which are not isolated in o(©(A4)) U H?Zl qj_l{O}.

LGiven a Krein space X we denote by Ly (X) the Banach algebra of all linear and bounded
operators on X additionally provided with the Krein space adjoint B — B*.



IEOT Joint Functional Calculus Page 3 of 36 29

Any polynomial s(z1,...,2,) € Clz1,...,2,] can be seen as a function
spm € F and any ¢ € F can be written as

n

8(z) = sm(2) +9(2) - | D_(g)m(2) |, z€a(©A)U]] g {0} (1.1)

Jj=1 Jj=1

for a suitable polynomial s € Clzy,...,2,] and a bounded and measurable
function g : 0(0(4)) UTT}_, qj_l{O} — C vanishing on []}_, qj_l{O}.

We then define ¢(A) = s(A1, ..., An) + T [, o)) 9dETT, show that
this operator does not depend on the actual decomposiaon (1.1) and that ¢ —
¢(A) indeed constitutes a x-homomorphism. Providing F with an appropriate
norm this #-homomorphism is continuous. Finally, we show that for A =
(A1, A) the functional calculus ¢ — ¢(A) from the present note coincides

with the functional calculus derived in [4] for the normal operator N =
Ay +iAs.

2. Joint Spectrum of Finite Tuples

Given a unital and commutative Banach algebra A with unit e we want to
introduce the following notation. For a = (a;)7_; € A" and A = (};)7_, € C"
we define (a — A) := (a; — Aje)}_;, for b € A" we define a - b = Z?:l a;b;
and for a mapping ¢ defined on A we set 1 (a) = (¢(a;))}_;.

Denoting by M the maximal ideal space of A the spectrum of the tuple
a € A" was introduced as

o(a) = {¢(a) € C" : ¢ € M}. (2.1)

In particular, o(a) # 0. Using well-known results from Gelfand Theory, we
see that

o(a) ={AeC": I(a—A) # A},
where I(a — )\) denotes the smallest Ideal containing all entries of @ — \. As
A is commutative, I(a — A) coincides with {b-(a — ) : b € A"}.
Since an Ideal I satisfies I # A if and only if e € I, we obtain
ola)={AeC":(a—A) &Inv(A")}, (2.2)

where Inv(A™) is the set of tuples ¢ € A™ such that there exists a tuple
b e A" satisfying b- ¢ = e. Since (¢;)7L; € Inv(A™) implies ¢ € Inv(A") for
m < n, we obtain

A€ o(a) = (AT € o(a)7y). (2.3)

Definition 2.1. Let N = (N;)7_; € Ly(H)", where Ny,..., N, € Ly(H) are
pairwise commuting operators on a Hilbert space H. Then we define o(N) by

(2.1) considering Ny, ..., N,, as elements of the commutative unital algebra
N" := {Ny,...,N,}’, where {Ny,...,N,}” denotes the bi-commutant of
{N1,...,Np}, i.e. the set of all operators on H commuting with all operators

that commute with Ny,..., N,. O
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For an n-tuple of normal operators on a Hilbert space a Spectral The-
orem is well-known; see for example [8, Theorem 5.21]:

Theorem 2.2. Let N = (N;)j_; € Ly(H)", where Ny,...,N, € Ly(H) are
normal and pairwise commuting operators on a Hilbert space H. Then there
exists a unique common spectral measure E defined on the Borel-subsets of

C™ such that

Nj= [ zdE(z), (2.4)
(Cn
where z; is the j-th entry of z € C". Moreover, an operator S € Ly(H)
commutes with all Ny,..., Ny if and only if S commutes with E(A) for all
Borel-subsets A C C™.

The final assertion in the previous result can be shown with the help
of Fuglede’s Theorem and the Riesz—Markov Theorem together with the fact
that the set of all polynomials in the variables z1, ..., z,, Z1, - . ., Z2n, are dense
in C(supp F, C) with respect to ||.|oo-

Remark 2.3. The support supp E of a spectral measure F/ as in Theorem 2.2
is defined as the set of points A € C™ such that E(U) # 0 for all measurable
neighbourhoods U of A in C™. It is easy to check that supp F is a closed subset
of C™. By [8, Proposition 5.24, (ii)] the support supp E is also bounded, and
hence, supp F is compact. For bounded and measurable functions ¢ : C"* — C
we always have

/ pdE = [ ¢ Lyppr dE.

C"
By [8, Theorem 5.23] the spectral measure E in Theorem 2.2 is supported
on R", ie. suppE C R"”, if Ny,..., N, are all self-adjoint. Therefore, the
integral in (2.4) can be taken over R™ instead of C™ and E can be considered
as a spectral measure on the Borel-subsets of R™.

The following result is known. In the absence of a proper reference we
also bring its proof.

Theorem 2.4. Let N = (N;)7_, € Ly(H)", where Ni,...,N, € Ly(H) be
pairwise commuting normal operators on a Hilbert space H, and denote by E

their common spectral measure. Then we have

o(N) =supp E,
where A\ € supp E if and only if E(U) # 0 for all measurable neighbourhoods
U of A in C™.

Proof. If A € supp E, then E(U.())) # 0 for any € > 0, where Uc()) denotes
the open ball of radius € around A in C™ with respect to the Euclidean norm.
In particular, there exists an f. € H\{0} with fe = E(Uc())) f.. We obtain

I(N; = M) fell® = /«:n |25 = AP d(E(2) fe, fo) = / N 25 = A2 d(E(2) fe, fe)

elA

< €|l fell?
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for all j € {1,...,n}. For arbitrary B € (IN"')" this gives

1B+ (N = N fell = || D2 Bi(N; = A fel| < e | D_IB1 | -IIfell

j=1 j=1

Taking into account that e > 0 can be arbitrarily small, we see that B-(IN—\)
cannot be boundedly invertible. In particular, B- (XN —\) # I which according
to (2.2) yields A € o(N).

On the other hand if A € C"\ supp E, then we can define B := (B;)7_,,
where

gy E(é) —
B, = Supp AR/ E
J /(;n Hg _A||2 (ZJ A) d (é)v

because the integrand is bounded and measurable, where w = (w,)}_;. From
the final assertion in Theorem 2.2 we infer B € (N")". By

SuppE Y

Tsy zZ -
B /c w 2|5 = AP dE()

j=1

= / ]lsuppE db =1
we conclude from (2.2) that A & o (V). O

The uniqueness assertion in Theorem 2.2 yields the following description

of the unique common spectral measure for a shortened tuple (N;)7 ;.

Theorem 2.5. With the notation of Theorem 2.2 let m € N with m <n. The
unique common spectral measure from Theorem 2.2 for the tuple (Nj);?”;l is
given by

E(r~'(A))
for all Borel-subsets A C C™, where m : C" — C™ denotes the projection on
the first m components.

In particular, the support of the common spectral measure for the tuple
(N;)jLy coincides with m(supp E).

3. Multiple Embeddings

In the present section we consider a Krein space (K,[.,.]). The following
straight forward result implicitly appears in many papers; see for example
[4]. For a more detailed discussion and for unitarily equivalent spaces see [2].

Lemma 3.1. Let D : K — K be a bounded and linear operator which is posi-
tive, i.e. [Dx,x] > 0 for all x € K. Then there exists a Hilbert space H and
an injective, bounded and linear mapping T : H — K such that> TTT = D.

2Here T : K — H denotes the adjoint of T with respect to the Krein space product [.,.]
on K and the Hilbert space product on H.
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Proof. Since D is positive, (.,.) := [D.,.] defines a positive semidefinite inner
product on K. Factorizing K by its isotropic part K = {z € K : (z,y) =
0 for all y € K} we obtain the pre-Hilbert space K/K(°) provided with the
well-defined positive definite inner product (z + k() y + K := (z,y) for
xz,y € K. By
. {IC — K/K8),
Nz + KO,

we denote the factor mapping. Define (H, (.,.)) to be the Hilbert space com-
pletion of (/K (.,.)) and regard ¢ as a mapping into H. From
lez]|? = (e, e2) = [Dz, 2l < | D]||2]*, = €K,

we conclude the continuity of . Here the norm on the right hand side is
induced by an arbitrary Hilbert space inner product on K which is compatible
with [.,.]. It is well-known that Krein space adjoint T := (™ of ¢, satisfying
[Tz,y] = (x,wy) for all x € H and y € K, constitutes a linear and bounded
operator T : H — K.

By construction ran¢ is densely contained in H, which implies ker T" =
ker:t = (ran:)" = {0}. Hence, T is injective. Moreover, by definition, for
x,y € K we have

[TT 2,y = (T z, Tty) = (1, 1y) = (x,9) = [Dx,y).
Therefore, TTT = D. O
Remark 3.2. In Lemma 3.1 we have H = {0} and T =0if D =0. ¢

Definition 3.3. If bounded linear and positive operators Dy, ..., D,, € Ly(K)

are given, then we can apply Lemma 3.1, and obtain for each 7 =1,...,m a
Hilbert space H; and a bounded linear and injective T; : H; — IC such that
Tij =D,.

Since for any non-empty subset M C {1,...,m} the sum > .,/ D;
also constitutes a positive operator, we even obtain a Hilbert space Hj; and
a bounded linear and injective T : Hps — K such that

TyTy = > Dj.
JEM
Clearly, Hy;y = H;j and Ty;, =T for j=1,...,m. ¢

Lemma 3.4. If My,..., M, are non-empty and pairwise disjoint subsets of
{1,...,m} and if we set M :=J,_, My, then
TuTy; =Y T, T, - (3.1)
k=1
Moreover, employing the notation from Definition 3.3, for k =1,...,r there

exist injective contractions Ry, /ar + Har, — Har such that Ty, = T Rag, jm
and

Z Rty v Boagy yaa = Iring -
k=1
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FIGURE 1. Setting of Lemma 3.4

Proof. Equation (3.1) clearly follows from Ty/T}, = YiemDi = Sy
Yienr. Di = Yoy Tar, Ty; . For € K we then conclude

T

T35y, = (T, Taya)re, = (T Thpe, 2] = [Tar, Ty 2, 2]

s=1
s T
=D AT @ T @, = DT 25, = 1Ta 23,
s=1 s=1
for every k= 1,...,r. This inequality guarantees that

By - {rafTJ‘—Z — raJrrlTA'Zk,
Type = Ty,
is a well-defined, linear and contractive mapping.

Since Ty is injective, we have (ranTy;){) v = ker Tyy = {0}. Hence,
ran T, is dense in Hys. The same is true for ran T]\J}k_ in Hyy, . We conclude
that By, is densely defined, and hence, its closure B is an everywhere on
H s defined linear contraction with dense range contained in Hyy, . Thus, its
adjoint Ry, /p i= (By)* constitutes an injective linear contractions R
HMMHHM.

By definition we have Ry /MT]\J/F[ = EkTXZ = T&k, which leads to
Ty Rag, v = Ty, By (3.1) we have

Tor (I )Ty = TaaTyp = > Tar Toly = Tar Ry yna (Tas Rz, jar) ™
k=1 k=1

=Twm (Z Rag Ry, /M> Tyy-
k=1

Together with the injectivity of Ty and the density of ran T} this yields
Iy = 3hea Rup Ry, ap (Fig. 1) =

Remark 3.5. If r =1 and M; = M in Lemma 3.4, then we realize from the
previous proof that Ry as is just the identity mapping on Haz. ¢
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For any Hilbert or Krein space V and any B € L;(V) by B’ we denote
the commutant of {B}, i.e. B’ = {C € Ly(V) : CB = BC}.

Definition 3.6. With the assumptions and notation from Definition 3.3 and
from Lemma 3.4 for non-empty M, N C {1,...,m} with N C M we define
O (TMTAJ;[)/ — (T]\J/}TM)/ Ly(Har)
N—— S——
CLy(K) c

by3 9]\4(3) = (TM X T]V[)fl(B) = Tl&lBTM and
Cnyar  (Ryym Riyng) — (R Bvyar)

CLy(Hm) CLy(HN)
by FN/M(C) = (RN/JVI X RN/M)_l(C) = R]T]}MDRN/M O

Remark 3.7. The mapping © s (I'n/ar) is exactly the mapping © in [6, The-
orem 5.8] corresponding to the mappings 7' = T (T' = Ryyar). Therefore,
O and I'y/ps constitute -algebra homomorphisms.

The results from [6] dealing with the mapping © could also be shown
with the help of the lifting procedure for example discussed in [3, Lemma 2.1].
Probably this lifting procedure allows smoother verifications of the results
from [6]. ¢

It My,...,M,,M C {1,...,m} are as in Lemma 3.4, then we conclude
from (3.1) that

r

N (175,) < ()
k=1

Therefore, the following result is a consequence of [5, Lemma 2.1] applied to
T]y]l, . ,TA{T.

Proposition 3.8. With the assumptions and notation from Definition 3.3,
Lemma 3.4 and Definition 3.6 one has

On <ﬂ(TMkT1Jv?k)'> c ﬂ (RM;C/MRM/M)/ N (T3 Tu),
k=1 k=1

where for s =1,...,r and all B € (N, (Tar, T3y, )’
Onm (B)Rat, s Ry, e = B, yma©Ona, (B) Ry v = Bar,yne Ry, yns O n(B),

and

On, (B) =T, /m 0 Om(B). (3.2)
Lemma 3.9. If Dy, ..., Dy, are pairwise commuting operators in Definition 3.3,
then for non-empty N C M C {1,...,m} the operator RN/MRj‘V/M commutes

with TJ\‘ZTM and R}‘V/MRN/M commutes with T;TN. Moreover,
GM(TNTJJ\;) = RN/MR}‘V/MTAJ}TM = T;}TMRN/MR}*V/M. (3.3)

3For the middle term the operator B : K — K has to be identified with its graph, which is
a subspace of K x I, i.e. a linear relation.
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Proof. If Dy, ..., D,, commute pairwise, then TyT5 =
with Ty Ty, = 2,y Dy Since
Tag (T3 Tar Rvyna Ry g ) Tl = Toa Tl (Tos Rvyng ) (R as Tof)
=TTy TNTY = TnTETu Ty,
= TM(RN/MR*N/MTAJQTM)TJ\JZ7

again the injectivity of Th; and the density of ran TXZ implies that Ry Ry M

JEN D; commutes

and TA'ZTM commute, which in turn yields
(TRTN) (Ry/neByar) = (R e Ta Tar R yar ) (R g Rivyar)

= Ry /nr (T Taa Rvyns Ry jng ) Ry
= Ry By R s To T Ry
= (R Bvym) (TN ).

Finally, (3.3) follows from

Ty TN T3 Tor = Ty Tt Rjad Riv s Tai Tor = Rovyas Riar Tt T
]

The following result is a generalization of [5, Corollary 2.3] to n self-
adjoint operators.

Corollary 3.10. With the assumptions and notation from Definition 3.3,
Lemma 3.4 and Definition 3.6 let A = (A;)7_,, where Ay, ..., A, € Ly(K) be
pairwise commuting self-adjoint operators that are all contained in
ﬂ;zl(TMkT;[k)’. Then On(A1),...,0M(An) € Ly(Ha) (O (44),. ..,
O (An) € Lo(Ha,)) are pairwise commuting self-adjoint operators on the
Hilbert space Har (Ha,, s = 1,...,r). By Eyx (En.) we denote the com-
mon spectral measure of Opr(A) (Onr.(A)) on the Borel-subsets of R™; see
Theorem 2.2 and Remark 2.3.

Then we have Ey(A) € ﬂ};:l(RMk/MRj‘\/Ik/M)/m(TA‘ZTM)’ for all Borel-
subsets A of R™ and

Uar i (En(A)) = En, (A) € (R, jar B yne) 0 (T Tor,)' (3.4)
for all Borel subsets A of R". Moreover, [ hdEn € (y_y(Rag, /v Ray, /pr)' N
(Ty;Tar) and

Tarjar ( / thM) _ / hdBa, € (R, Rasne)' 0 (T, Tar,) (3.5)

for any bounded and measurable* h : supp Epy — C and s =1,...,r.

Proof. Since ©p; (Or,) is a x-homomorphisms, the images of commuting
operators commute as well. According to Proposition 3.8 ©;(A;) belongs to
ﬂ;:l(RMk/MR}kwk/M)l N (Ty;Tar)' for every j = 1,...,n. By Theorem 2.2 we
conclude Ep(A) € ﬂ};:l(RMk/MR*Mk/M)/m(TA'ZTM)’ and, in turn, [hdEy €

4Note that according to (3.4) we have supp Eps, C supp Ejy.



29 Page 10 of 36 M. Kaltenbéck and N. Skrepek IEOT

Mie 1 (R, Ry /M)’ﬂ(TfV}TM)’. This also justifies the application of I' 7, /as
to En(A) and [hdEy.

The range of Oy, (I'yz, /ar) is contained in (T, Tz, )’ (( M.l yar)').-
Again by Theorem 2.2 we obtain Ey, (A), [ hdEy, € (R /p B /m) 0
(Th7,Tr,)"-

For C € (RMS/MRj‘wS/M)’ we conclude from [6, Theorem 5.8] that
FMS/M(C)R’;WS/M = R} C. For arbitrary @ € Hy and y € Hy, we
therefore have

<FJVIS/M(E1\/I(A))R7\/IS/Mx7 y>7'lMS = <R7\45/MEM(A)x’ y>H1\/IS
= (Em(A)z, Rar, ymY) Hou

and in turn for and s € Clzg, ..., 2]
[ s Ess O)Ri e, = [ 5 dErel. Ra e
RTL R’!L

 comise s,
- <R7\45/M8 (©a(4)) x7y>HMs

= <FM3/M (s (On(A))) Ry, s y>H

M

Ms

From (3.2) and the fact, that I'5; /5 is a *-homomorphism, we conclude
Cor, e (5 (©nr(A))) = 5 (O, (A)). Therefore,

/3d<F]V[S/M(EM(-))R7\/[S/Mx,y>HMS = <3(9MS(A))R7\45/M%ZJ>H

Mg

RTI,
— [ sdtEa OB iz v,
R’n
Since supp E)y is a compact subset of R™, C[z1,. .., z,] is densely contained

in C(supp E)p, C). The uniqueness assertion in the Riesz-Markov Theorem
implies
(Careyma (Enr (D) Ry, yns s Y)ras, = (Ent, (A)Rip i %5 Y)ro,

and all Borel-subsets A of R™. Since x € Hj,; was arbitrary, the density
of ranRj‘V[S/M yields (Tar, /v (En (D)2, W) Ha, = (B, (D)2, y)w,,, for all
Y,z € Har,. Consequently, T'as /ar(Enr(A)) = En, (D).

From the already proven fact that En, (A)R}y, ny = Dara(Eae(A))
Ry v = By, B (A) we obtain for bounded and measurable h : supp Epy —
Cand v € Har, y € Har,

<FMS/M(/thM)R}‘wS/Mx,y>HMS = <R?\43/M(/thM)m’y>HMs

= <(/thM>$’RM°‘/My>HM :/hd<EM(-)I,RMS/My>HM



IEOT Joint Functional Calculus Page 11 of 36 29

= [ hdtBa, O3 s, = (( [ BB, ) B uiw),

{S
Again the density of ran R}, /), vields the desired equation (3.5). O
Finally in this section, we will introduce mappings of the same kind

as considered in [6, Lemma 5.11]. With the assumptions and notation from
Definition 3.3 and from Lemma 3.4 for non-empty M C {1,...,m} we define

=M C = TAIOTI\—L_[- ’
For non-empty N C M C {1,...,m} we define accordingly
Ao L Lo(HN) = Lo(H),
N C = Ry CRY -

By Lemma 3.4,

En(C) = TnCT5 = TarRyyn CRiy 0 Tis

= EM o AN/M(C)
for C € Lb(HN). (3.7)

According to [6, Lemma 5.11] for C' € (Ry/mR}yy,)" we have

Hence, using Corollary 3.10 and its notation together with (3.7) and (3.8) we
obtain

EN(/thN): ENOFN/M</thM>: EMOAN/JVIOFN/M(/th]W)

=Em (RN/MRE/M/thM) (3.9)

4. Tuples of Definitizable Operators on a Krein Space

In the present section we start with a finite tuple A = (A;)7_; € Ly(K)" of
pairwise commuting, bounded and self-adjoint operators on a Krein space K.
We also assume that Ay,..., A, are definitizable, i.e. g;(A;) is positive for
some non-zero polynomial ¢; € R[(] for all j =1, ..., n. Such polynomials ¢,
are called definitizing polynomials for A;; see [7].

Employing Definition 3.3 with Dy := ¢1(A1),..., Dy = qn(Ay), we
obtain Hilbert space H; and an injective, bounded linear 7} : H; — K such
that

Tij =q;(4;) forall j=1,...,n. (4.1)

More generally, for any non-empty subset M C {1,...,n} we obtain a Hilbert
space H s and an injective, bounded linear Ty, : Hjys — K such that Tyl =
> jenm 45 (4;).

The fact that Aq,..., A, commute pairwise implies that the operators
TjTj+ = ¢;j(4;), j = 1,...,n, commute pairwise and that A;,..., A4, €
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(TuTyy) = (3 jenr 4i(A)) for all 0 ## M C {1,...,n}. Thus, we can apply
all the results from the previous section.

Lemma 4.1. With the assumptions and notation from the present section,
with Ryyv @ Hn — Har as defined in Lemma 3.4 for 0 #NCMC
{1,...,n} and with the notion from Definition 3.6 we have

> 4i(On(A))) = Ry Ry Y 25(Om(A)),
JEN jeM
where Ry n Ry, commutes with > ien 4(On(4y)).

Proof. From (3.3) together with Remark 3.5 and the fact the ©, is a homo-
morphism we infer

T Tor = Ou(TuThy) = Onr | D a5(4;)

jeM
=Y Omlgi(4) =Y ¢;(Oun(4;)). (4.2)
jeM jeM

By Lemma 3.9 the operator Ry Ry /v commutes with this expression.
Finally we again conclude from (3.3)

ST gOuA) =0m | Y ai(4)) | = 0m(InTy)
jJEN JEN

= Ry/m Ry Tar T = Ry Ry Z qj(©Onm(4;)).
jEM

O

Proposition 4.2. With the assumptions and notation from the present section
and with the notion from Definition 3.6 for 0 # N C M C {1,...,n} let Ep
denote the common spectral measure of Oy (A) on the Borel-subsets of R™;
see Theorem 2.2 and Remark 2.3. Then we have

{)‘GRn: qu ZQj(/\J)

JjeN jeM
In particular, the zeros of A — ZjeM q;(X;j) are contained in

(C"\o(Onr(4))) U2 € R™ 5 g5(A5) = 0 for allj € {1,...,n}}.

Proof. For m € N we set

Z ;(A5)

JEN

> | Ry Ryl -

} C C"\o(Onm(4)).

2 2

A= AeR": > a)

jeM

1 *
> + HRN/MRN/M||2

If x € ran Epr (A, ) then we have

> ¢;(Oum(A = 11> ¢;(Om(A;)E(A)x

JEN JEN

2
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L.

1
> A % d(EM (g)x, JZ‘)

> 4(z)

JEN

d(Enr(2)x, )

d(Enr(2)x, 2)

qu zj)

+ ||RN/MRN/M|| /
JjeEM

Am

2

1
E” x| + Rn/mRy m Z q;(Om(A4j))x

jeM

=Y jen 4 (Onm(4;))z

This inequality can only hold true for x = 0. Hence, Ep(A,,) = 0. By
Theorem 2.4 the fact that A,, is open yields

AnL g (Cn\supp E]\/I = Cn\U(GM(A))

Z aj(Aj)

JjEM

> (| Ry Ry |l -

}

Taking the union over all m € N we obtain
= |J An CCo(@n(4))

{)\GR": qu
meN

JEN
I enai(z) =0and 2 ¢ {A€R": ¢;(\;) =0forall j € {1,...,n}} then

e (26)] > 0 = |[Rgry/maRipy arll - 122 5enr 45(25)| for some k€ {1,...,n}.
From the already shown applied to N = {k} we conclude z & 0(O(A)).
]

Corollary 4.3. With the notation and assumptions from Proposition 4.2 and
A:={AeR": q(\g) # 0 for somek € {1,...,n}} we have

q; ZJ
4.3 Ry R i E / ZgeN T dE 2).
( ) N/MAUN/M M ZJEM q] Z] M(f)

Proof. By Proposition 4.2 the zeros of supp Ejpy 3 A — ZjeM q;(A;) are
contained in R™\ A and we have

ZQJ

JEN

Z ;(A;)

jeM

< |Bn/m Ry mll -

for every A € supp Ejs. Hence, the integrand is bounded on A N supp Eyy
and consequently the integral in (4.3) does exist.
For 0 # z € U :=ran EM(A) we have

H/Zq] ;) dEy (2

jeEM

2

H / > 4i(z) dEx(2) Err(D)z

jeM
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/ ’ Z q; zj d(En(2)x,2) >0

JjeEM

>0o0n A

and for z € U+ = ran E; (R™\A) we have

H / D 4i(z) dBu () - /Rn\A ‘ > ‘Ij(Zj)‘2 d(Ey(z)m,2) = 0.

JjeEM JjeEM

=0 on R"\A

Therefore, U+ = ker (f ZjeM q;(25) dEM(g)) . Consequently, the range of
J Z]EM g (z;) dEw(2) is densely contained in Y. Every « from in this dense

subspace can be written as x = [ > jen 3i(25) dEwn (2)y for some y € U. We
obtain from Lemma 4.1

q
/ZJEN ! dEM /Zq] zj) dEyv (2)y = ZQJ (Om(A

jem (%) JEN JEN
= RN/MRN/MZ qj(©Onm(45))y = Rn/m Ry .
jeEM
The density of the space of the considered x in U finally yields (4.3). g

Remark 4.4. In the present section we did not exclude the possibility that
¢;(A;) = 0 for some j = 1,...,n. In this case we have H; = {0} and T; = 0.
Interpreting the appearing operators involving H; as zero and their spectrum
as the emptyset all results in the present section remain true. ¢

5. Special Function Classes

For n € N a subset I C Z" is called an interval if o, 6 € I and v € Z™ with
aj <v; < Bjforall j=1,...,n implies v € I.

Example 5.1. Given «, 3 € Z™ the following subsets

[a,8) ={yv€Z" :a; <v; < p; forall j=1,...,n},

[, 0] ={y€Z" :a; <v; <F; foral j=1,...,n},

[aaﬂ—l = {'}/ € [aaﬂ] : #{] € {Lan} Y5 < 6J} Z n— 1}3
of Z™ are intervals. If oi; < 8; for all j =1,...,n, then

[O[75~| = [O[,ﬁ) U{ﬁl : ela”wﬁn : en}7

where e; € Z" has 1 at position j and zero elsewhere.
Definition 5.2. For n € N and an interval I C (Ng)” with (0,...,0) € I we
provide C! with componentwise addition, scalar multiplication, component-

wise complex conjugation a := (@;);er for a = (a;),er and a multiplication
- CI x C! — C! defined by
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a-b:= Z agb,

fry=a acl
for a,b € CI.
Moreover, for intervals I C J C (No)" let w57 : C/ — C! denote the

projection 7y 1((a;)jer) = (aj)jer- ©
Remark 5.3. Given an interval I C (Ng)" with (0,...,0) € I the set C!
endowed with the operations introduced in Definition 5.2 forms a unital and
commutative *-algebra. Its unit is given by e = (eq)aer With e .. o) = 1 and

=0 for o # 0. Moreover, it is easy to check that an element a € C has a
multlphcatlve inverse in (CI if and only if a,... o) # 0. ¢

Definition 5.4. For a polynomial p € (C[C]\{O} we denote its zero set by
Zy :={CeC:p(¢) =0}

and we define the function

a {(C — No,
¢ = min{j € No: p)(¢) #0} -
For a fixed tuple ¢ = (q1,...,¢s) € (C[¢]\{0})" of polynomials and z € C"
we employ the notation

Og(é) (aq] (ZJ))j (NO) s (5-1)
and define the following subsets of C"

H o Ze=Z,NR", Ziizz Z,\R™.

Finally, we define I : (C" — P((Ng)™) by

{(0,...,0)}, ifégzga
I(z) = { [0,24(2)1, if 2 € Z, (5.2)
[0,04(2)), ifz € Z(ii.

In the following we assume A = (A;)_; to be a tuple in Ly(K), where
Aq,..., A, € Ly(K) are pairwise commuting, bounded and self-adjoint oper-
ators on a Krein space K, which are definitizable. Moreover, let ¢; € R[¢]\{0}
be fixed definitizing polynomials for A;, i.e. ¢;(A;) is positive for j =1,...,n.
We use the notation from the previous section. For short we will write H for
H{l,_“7n}, T for T{l,...,n}a © for @{17_“7”} and Rj for R{]}/{l,,n}

Definition 5.5. With ¢ = (q1,...,¢,) let M be the set of all functions

¢:0(0(A4)UZ; — U cM
e ey

with ¢(z) € C'® for all z € 0(O(A4)) U Z,.
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We endow M with pointwise scalar multiplication, addition and multi-
plication, where the operations on C'2) are as in® Definition 5.2. For ¢ € M
also define

o7 (2) = p(Z) for z € a(O(A))U Zy. O

Since ¢; has real coefficients for j = 1,...,n, we have I(2) = I(z).
Hence, ¢* € M and .# : M — M is a conjugate linear involution.

Remark 5.6. Using Remark 5.3 it is easy to check that M constitutes a com-
mutative x-algebra. ¢

For z € C™ and «a € (Np)™ we shall employ the following handy notion

n n n
a _ aj — . — .
2z *sz , alfl_‘[ajl, |a|7E a;.
=1 j=1

Definition 5.7. Let f : dom f — C be a function with
c(©(4)) U Z, Cdom f CC",
such that f is sufficiently smooth—more exactly, at least

max [0,(w)| —n+1
oy w)|

times continuously differentiable—on an open neighborhood of Z,]f as subset

of R™, and such that f is holomorphic on an open neighborhooid of Z(il as
subset of C". Then we define fnq € M by B

/) if 2 € 0(O(4)\ 25

<;1D0‘f(z)> , ifz € Z,.
a€l(z)

For z € Zg{ the higher derivative D® should be understood in the sense of

real derivation and for z € Z,; in the sense of complex derivation. ¢

Im(z) =

Remark 5.8. Let f,g be functions which satisfy the conditions of Defini-
tion 5.7. For z € Z, and « € I(z) the Leibniz rule yields

((F9)(2), = D)) = o 3 Dy (2)D7g(2)

" By=a p
= Y DR DR = () am(2),
By=a A

Therefore, (fg)m(z) = fm(z) - gm(z). Consequently, (fg)m = fm - gm.
Moreover, it is easy to check that for A\, u € C

(A 4 19)m = A+ pgm.

5Recall from (5.2) that I(z) constitutes an interval for all z.
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Furthermore, we define the function f# by f#(z) = f(Z) for z € dom f
and immediately convince ourselves that also f# satisfies the conditions of
Definition 5.7 and that

(f*) = (fm)7. O
Ezample 5.9. Let j € {1,...,n} be fixed and ¢; be a real definitizing poly-
nomial of A;. Then we can regard ¢; also as an element of Clz,...,z2,] by

setting ¢;(z) = ¢;j(z;) for z € C™. Clearly, g; : C* — C satisfies all conditions
of Definition 5.7. Since ¢;(z) is constant in every direction zj, for k # j, every

derivative in these directions vanishes. For z € Z; we have q( )( ;) = 0 for
1€{0,...,04,(2) =1} and ¢ ( 4 (%) (zj) # 0. Thus,
> CIJM(z) qj(2;) for z € 0(@(4))\257

> 4j(2) =0€C' for z € Z) and
> 4 j(2) = (G p(2)a)acr(z) With
0, if o € I(2)\{0g, (2))e;},
qu(é)a N aqy(IZj)lqéaqj (Zj))(zj)’ ifa = 0y, (Zj)ej'

for z € ZR see Example 5.1. ¢

Lemma 5.10. For every ¢ € M there exists an s € Clzy,...,2,] such that
p(w) — sm(w) = 0 for all w € Z,, such that ¢ +— s is linear and such that
s=0if p(w) =0 for allw € Z,.

Proof. For w € Z, the polynomial

p¥(z) = H H (zj — vj)bqj(”jHl € Clz1, .-+, 2n)

veZy\{w} Uvj;;}v
J J

satisfies Dp*(v) = 0 for v € Z,\{w} and a € [0,9,4(v)] as can be checked

with the help of the multivariable Leibniz rule. Moreover, p“(w) # 0. As
noted in Remark 5.3

1
Doy ) c (C[()1ai(ﬂ)]
(a! PHw) €[0,04(w)]

has a multiplicative inverse b € Cl0%WI et ¢ € ClO2WI pe given by
ao = ¢(w)q for all a € I(w) and a, = 0 for a € [0,0,(w)]\I(w) and set

r(z) = > (a-balz—w) | - p(2).

agl0,04(w)]

Using again the multivariable Leibniz rule we derive D*r%(v) = 0 for v €
Zg\{w}v (S [Ovag(y)]v and

(o) = (0rw) =
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From this we derive for s(z) := dezq r%(2)

spm(w) = Y ri(w) = riy(w)

yEZE

1 oW
= 0.0 (w)].1 () (ED T*(@) = p(w).

a€l0,04(w)] -

Finally, by our choice of a € CI%%)] for each w € Z, the polynomial s
depends linearly on ¢ and ¢(w) = 0 yields a = 0 for all w € Z, which implies
s=0. B 0

Remark 5.11. The polynomial s € Clzy,...,2,] constructed in the proof of
Lemma 5.10 only depends on ¢(w) € C'®) w € Z,. Moreover, by construc-
tion the degree of s is at most

d:= max [0,(v)|- Z (|Dg(y)\—|—n)

vE€Z\{w} vEZg\{w}

It is easy to see from the previous proof that the coefficients (2 D%s(0))|a|<d
of s depend linearly and continuously on ¢, when M is provided with the
seminorm

ma. ma.
max max |p(w)al,

which implies

1 @
max SPs0)<C- max max [p(w)al

for some C' > 0. $

Corollary 5.12. For every ¢ € M and every s € Clzy,...,z,] such that
Pp(w) —srm(w) = 0 for allw € Z, there exists a function g : 0(0(A4))UZ, — C
satisfying g\Zi =0 such that®

n

¢(2) = sm(2) +9(2) - [ D (a)m(2)

j=1
forall z € 0(6(4)) U Z,.
Proof. For z € 0(O(4)) we know from Proposition 4.2 that Z;.lzl gi(z;) =0

implies z € Z,. Therefore, if s € Clz1,...,2,] is as in Lemma 5.10, then
setting

(2) = s (0@ —s(2)), iz € o@D\,
s 0, ifz € Z27

we obtain a well defined function g : 0(©(4)) U Z, — C with the desired
properties. O

SHere g(z) - (...) denotes the scalar multiplication of g(z) € C with a vector from C!(2),
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Definition 5.13. With the notation from Definition 5.5 we denote by F the
set of all ¢ € M such that ¢|0(@(A))\de as a mapping from O’(@(A))\Z(IIR to C

is Borel measurable and bounded, and such that for each w € o(6©(4))N Z;,
which is not isolated in o(©(4)), -

P(2) — Zae[o,al(y)) (QS(Q))O‘(& —w)*
(w;)

(5.3)

max;=1,..n |Zj — U)j|aqj
is bounded for z € 0(©(A)) N U(w)\{w}, where U(w) is a sufficiently small
neighborhood of w. ¢

Using Big O notation, the fact that (5.3) is bounded on a sufficiently
small neighborhood of w can equivalently be expressed as

b= Y (W), w) +0( max |z —w) (54)
a€[0,04(w)) o
as 0(0(A)\Z; 2 z — w.
Remark 5.14. Since (5.3) is bounded for z € (0(@(4))\25)\U(w) if
¢|g(@(é))\25 is bounded, a function ¢ € M belongs to F if and only if ¢(z)

and (5.3) for all non isolated w € o(©(A)) N Z; are bounded as z runs in

o(6(4)\Z; and ?l(e(a))\z¢ is Borel measurable. ¢

Remark 5.15. 1t is straight forward to check that # + F C F, C-F C F,
and F# C F. In fact, equalities prevail. We also have F - F C F.
Indeed, if ¢,1 € F, then (¢ - ¢)|a(@(é))\Z§ is clearly measurable and

bounded. Moreover, for any o € (Ny)™ and [ € (NO)”\[O,DE(@)) we have

2
(O ( max |z; — wjb"j(wj)>) =0 < max |z — w;|° “’7)>
j=1,...n j=1,....n

(Z—w)a-O( max zj—wj|°“j(wj)) :O< max |z; — w9
i= j=

1,..m Lon

)
(z—w)’=0 (ﬁ?ﬁ‘fn' w; P w;))

as z — w. For a not isolated w € o(0(4)) N ZR (5.4) therefore yields

an ("UJ

0@ 0@ = Y (6w), - w)+0( max |-

=1,.
O(E[Ovag(ﬂ))

Z (¢(w))a(§ —w)*+0 (]_Hiaxn zj — wj|°<1_7‘ (%‘))

a€l0,04(w))

= > Yoo (W), (bw) | (z—w)*

a€(No)™ | B,7€[0,04(w))
B+y=a
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+ O( max |z — w;|° (wj)>
Jj=1,....n

= > (¢<w>-w<w>)a<z—w>a+o<,max zj—wj%‘w”)-

j=1,....,n
a€l0,04(w))

Thus, F is a *-subalgebra of M. ¢

Ezample 5.16. Let w € Z, be an isolated point of o(0(4)) U Z, (C C"),
let @ € C'® and let §, : 0(6(A)) U Z, — C defined by d,(w) := 1 and
0uw(2) =0 if 2 # w. Then §,a € M defined by (5,a)(z) := 0 for z # w and
by (6wa)(w) = a is an element of F. Clearly, every element of Z} is isolated

in 0(O(A) U Z,. 0

Lemma 5.17. Let f : dom f — C be a function with the properties mentioned
in Definition 5.7. If f|s©(a)) is bounded and measurable, then fig € F.

Proof. Under the present assumption falqe( A)\zE aS 2 mapping from

U(G(A))\Zg to C coincides with f|a(e(é))\2§ and is therefore bounded and

measurable.
Since for a fixed w € 0(O(A))NZ; which is non-isolated in o(©(A)) the

function f is m := maxce 7z [04(C)| — n+ 1 times continuous differentiable on

an open subset of R™ containing w, by the Taylor Approximation Theorem
from multidimensional calculus the expression

fO- Y D) w)®
a1

isa O(|lz—wl|%) as z — w. Because of 0, (w;) > 1 we have [0,(w)|—n+1 >

0, (w) for all j =1,...,n, and hence

lz — wlZ < max |z; —w;[PeIH < max 2y — " (w5
=1,....n j=1,....n

for ||z — wll < 1. Moreover, for a € (Ng)™\[0,0,(w)) we infer oy, > 0, (w)
for some k € {1,...,n}, and in turn

,,,,,

for ||z — w|leo < 1. Therefore,

@@= Y (Imlw), 2w

agl0,04(w))
1
<|f@- Y D fw)z-w)|
ac(No)"
la|<m=1

1
Y D@l - w)
a€(No)"\[0,04(w))
la]<m—1
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yens

the function fa, then belongs to F. 0

Lemma 5.18. If ¢ € F is such that ¢(z) is invertible in C'@) for all z €
0(6(4))UZ, and such that 0 does not belong to the closure of p(o(O(A))\Z;)

as a subset of C, then ¢~1 defined by ¢~ 1(2) := ¢(2)~* also belongs to F.
Proof. By the first assumption ¢! is a well-defined function belonging to
M. Since 0 does not belong to the closure of ¢(o(©(A4))\Z;) the mapping
z — @ is bounded on O'(@(A))\Zg. The measurability of (b\g(@(é))\zﬁ
clearly implies the measurability of z — @ on o(O(A)\Zy.

Let w € U(Q(A))ng be non-isolated in 0(©(A4)). For z € O’(@(A))\Zg
we calculate

[0,04(w))
1 1
= - 5.6
o(z) Zae[g,%(w}) (d)(w))a(g —w)* (5:6)
1
Jr

Z(XE[O,DQ(Q)) (¢(w))a(§ - w)a
- > (0T w), 2w (5.7)

(XG[O,DE(M))

The term (5.6) can be rewritten as

1 1 X
@) Tacna,wy (W), E-w) ((‘)(Z) -2 (Pw).e-w ) |

a€[0,0,(w))

By assumption @ is bounded. The invertibility of ¢(w) guarantees
((Z)(w)_l)o # 0, which yields the boundedness of
1
Zae[o,ag(g)) (¢(M))a(§ —w)”

on a certain neighborhood of w. From ¢ € F we infer ¢(z) — >

(5.8)

a€[0,0,(w))
(o(w)), (z —w)™ = O(maxj—y . .|z — w; | ()Y as z — w. Thus, (5.6) is
also an O(maxj—y, |2 —w;|°% (w5))y,

We can write (5.7) as (5.8) times

-y > ()b ) (2 —w)

a€(No)™ B,7€[0,04(w))
Bty=a

S Y Y b)) -

aG[O,Di(Q)) /6,"/6[0’01(&))
Bty=a

=€eq
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- XY bw),w ™), -

a€(No)" B,7€[0,04(w))
ag[0,04(w))  Bty=a

For o € (NO)"\[O,DQ(Q)) we have |(z—w)*| = O(max,=1,..n |2 —wj|aqj (wj));
see (5.5). Since > cioo, (w) €alz — w)* = 1, we see that (5.7) is an
O(maxj—1, .|z — wj|aqf (“’j)). Consequently, ¢~ € F. O

Finally, we can bring a refinement of Corollary 5.12 for functions in F.

Lemma 5.19. Let ¢ € F be decomposed as

p=sm+g- (Z(%’)M) (5.9)

j=1
with s € Clz1,..., zn] and a function g : 0(O(A))UZ, — C satisfying g|z, =0
as in Corollary 5.12. We will call such a pair s, g an admissible decomposition

of ¢.

Then g|g(@(A))\Z§ s bounded and measurable.

Proof. According to Corollary 5.12 there exist decompositions as in (5.9).

By (5.9) and the fact that E _1 4j oy (2) does not vanish on o(6(A4))\ Z;
(see Proposition 4.2) the measurability of g|5e(a))\ ZR follows from the assumed
measurability of ¢|g(@(é))\z§ for functions ¢ € F; see Definition 5.13.

In order to show the boundedness of g, first recall from Proposition 4.2
that

max;—1,....n |¢;(2)| < max ||R;R| (5.10)

|Z?:1 qj(§)| i=Les
for z € U(G(A))\ZE. Hence,

[9(2) =s(2)| _ _ lo(z) =s(z)]  maxjon. nlg(2)|
1301 ¢i(2)]  maxjor,nlg(z)l [ Y0 4(2)]

lg(2)| =

(5.11)

is bounded, if we can prove that the first factor on the right hand side is
bounded.
For a fixed non-isolated w € o(©(A)) N ZF we have

l9(2) — s(2)]
max;—1,...n [ ()]
_ 60 =@ maxiyals —w
max;=1,_ |z — w;|"% (wg) max;—1,..n |q;(2;)] .
Since w; is a zero of ¢; with multiplicity exactly 0y, (w;) for j = 1,...,n,

|2j — w;|°% (ws) — = 0(qj(%;)) as z; — wj, and in turn

.....

max |z —w;[u ) = O< Inax |%‘(Zj)|> (5.13)
. j= n
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as z — w. Hence, the second factor on the right hand side in (5.12) is bounded
on a neighborhood of w. ¢(z) — s(2) for o(O(A))\Z; is the difference of

d2)— >, (pw),(z—w)*

a€[0,04(w))

and
sm) = > (ew), (z—w)".

ag[0,04(w))
Since according to (5.9) we have sy(w) = ¢(w), we conclude from Lem-
mas 5.17 and (5.4) that ¢(z) — s(z) = O(maxj—y. |z — w;|[*% (i) ag
o(0(A)\Z; 3 z — w. Thus, also the first factor on the right hand side in
(5.12) is bounded on a neighborhood of w.

Employing this for any non-isolated w € o(6©(4))NZy, for each w € Z;

we obtain a neighborhood U,, of w such that (5.12) is bounded on ¢(©(A))N
Uwezz (Uw\{w}). The boundedness on 0(O(A))\ U, zr U follows from the

assumed boundedness of Blo@an z2 for functions ¢ € F. g

Finally, we want to provide F with the norm

[¢ll7:= _ max |o(z)]

2€0(0(A)VZ,
¢(£) - ZaE[O,Dq(y)) (Qb(w))a(g - w)a
+ max sup = 30 (w0 R
MEZEM not isolated geg(@(é))\zg max;—1,..n |Zj _ wj‘ q; Wi

where [¢(2)| = maxqey(z) |#(2)a| for z € Z,. Using Remark 5.14 it is straight
forward to check that ||.||# is finitely valued and is indeed a norm.

Lemma 5.20. The mapping F 2 ¢ — sapq € F, which assigns to ¢ the poly-
nomial s € Clz1,...,2z,] from Lemma 5.10, is linear and bounded when F is
provided with ||.| 7. Moreover, the mapping”

F3¢—geBa(0(4)uZz],0),

which assigns to ¢ the function g from (5.9) where s € Clzy,..., 2] is as in
Lemma 5.10, is also linear and bounded.

Proof. Since all norms on a finite dimensional vector spaces are equivalent,
it follows from Remark 5.11 the mapping F > ¢ — s € Clz1,...,2,]<q
is bounded, where d € N is as in Remark 5.11 and where Clz1,...,2,]<q
denotes the space of all polynomials in C|zy, ..., z,] with degree less or equal
to d. Since linear mappings defined on finite dimensional normed spaces are
always bounded, also C[z1,...,2,]<a 3 s — sy € F is bounded. Thus, we
verified the first part of the present assertion.

For given ¢ € F and s € C|zy,..., 2z, as in Lemma 5.10 the correspond-
ing function g(¢, s) in (5.9) coincides with g(¢ — saq,0), i.e. the function g

"Here B(c(©(A)) U ZE,C) denotes the Banach space of all complex valued and bounded
functions on o(©(A)) U Zflf provided with ||.||co-
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in (5.9) applied to ¢ — sy € F and 0 € Clzy, ..., 2,]. Since ¢ — ¢ — spq is
linear and bounded by the first part of the proof, it remains to check that
¢ = g(¢,0) is linear and bounded on the subspace {¢ € F : ¢|z, = 0}.

Let ¢ € F with ¢|z, = 0. By (5.11) and (5.10) we have
(€3]

max;—=1,..n ‘QJ(ZJ)|.

(5.14)

l9(6,0)(2)] < max [|R;R5]-

Chose € > 0 so small that [Jw — || > 2¢ for two different v, w € o(O(A)) N Z;
which are not isolated in o(6(4)) U Z;. -

If for z € o(O(A)\Z; we have |z — w| > e for all not isolated
w € o(O(A)) N ZF, then max;—1__n|g;(z)| > p for some p > 0 which is
independent from z. Hence,

l9(¢,0)(2)| < D - ¢(2)| < D - |9l
for some constant D > 0 which is also independent from z. If ||z — w| < €
for some not isolated w € o(60(A)) N Z}f, then max;—1, . n|2; — wj|DqJ' (w;) <

NwMax;—1, ., |q;(z;)| for some constant 7,, > 0. Hence,

l9(2)]
19(6,0)(2)| < D - s < Du- [0l
max;—i,. n|z; —w;|"%9"
for some constant D,, > 0. O
6. The Spectral Theorem
In the present section we again have a tuple A = (Aj)?:l whose entries

are pairwise commuting, bounded, self-adjoint and definitizable operators
Ai,..., A, € Ly(K) on a Krein space K where for j = 1,...,n we denote
by ¢; € R[¢]\{0} a definitizing polynomial for A;. We shall employ the same
notation as the previous two sections. In particular, we will again write H for
Hit,.omy, T for Ty ny, © for Oy ny and R; for Ryjy 1, ny- In addition,
we shall write = for Z¢; 1, E; for Zy;y, E for Eyy ) and Ej for Eg;,. We
start with an elementary algebraic lemma.

Lemma 6.1. Let v(z1,...,2,) € Clz1,...,2,] be such that the z;-degree of v
is less than degq; for j =1,...,n. If D®v(w) = 0 for all a € [0,04(w)) and
allw € Zg, then v = 0.

Proof. We proof this assertion by induction on n. For n = 1 this is clear.
Assume the statement is true for n — 1 € N. If v(zq,...,2,) € Clz1,..., 23]
has the asserted properties, then the polynomial %v(zl, ey Zn—1,Wy) €
Clz1, ..., 2n—1] satisfies the assumption of the presernlt lemma for any m €
{0,...,04, (w) — 1} and any w, € Z,,. By induction hypothesis all these
polynomials vanish. Keeping 21, . .., z,—1 € C fixed this implies that v(z1, ...,
Zn—1,%n) as a polynomial in the variable z,, vanishes. O
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Lemma 6.2. For a given ¢ € F and two admissible decompositions s,g and
r,h of ¢ in the sense of Lemma 5.19 we have

5(A)+E(/ ng> :r(A)—i—E(/ th),
a(0(4)) a(0(4))

where E denotes the common spectral measure of ©(A) € Ly(H)"™ on the
Borel-subsets of R™; see Theorem 2.2 and Remark 2.3.

Proof. By assumption ¢ — saq, ¢ — raq and in consequence also their dif-
ference sy — raq vanish at all points of Z,. Considering p(z) = s(z) —
r(z) € Clz1,...,2,] for fixed zo,...,2, as ‘a polynomial in Clz1] we can
apply the Euclidean algorithm and get p(z) = q1(21)u1(z) + vi(z) where
v1(z) € Clz1,...,2,] has a z1-degree less than degq;. Now we apply the
Euclidean algorithm to ¢2(z2) and v; as a polynomial in the variable zs.
Continuing this way we obtain

s(z) —r(z) = Z q;(2)u;(2) +v(2)

By Lemma 6.1 we conclude v = 0. Moreover, for w € Z§ we have 0, (w;)-e; €

I(w) and in turn
(qu (w;))

0= D4 (wj)-e; (S _ T) (w) =g, / (wj)uj(w),

where q( % (¥ j))( ;) # 0. Hence, uj(w) =0 for all j =1,.
By (4.1) and [6, Lemma 5.11] we have

Z(u;(8;(4))) = E;(8;(u;(4))) = ¢;(4,)u;(4) (6.1)
for every j € {1 .,n}.
From uJ( ) [ ujdE;, (3.9) and Corollary 4.3 we derive

=5(u;(8;(4))) = Ej(/“j dEj) - E<RjR; /uj dE)

_= " 4i(#)u(2) e
N (R s /Z§ g 4B+ L(@(A))\Z?} k1 Gk (21) dE”) '
6.2)

Employing (6.1), (6.2) and the fact that u;(w) = 0 for w € Z} we obtain

L > i (25)us(2)
S(A)_T(A)_H</a(e(f1))\z§ Z 1%( ) 4Bz )>

On the other hand, since both s, g and r, h are decompositions of ¢ in sense
of Lemma 5.19, we have

n
(s —1rm)( Z ) —9(2)) - 45 (%)
=1
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for z € 0(©(A)). In particular, for z € or(@(A))\Z]R

ZQJ zj)u;(z) = (h( Z‘IJ zj)-

Since h and g vanish on Zq , we obtain

- ==( [ ) - e@)aEe)

== < /a(@(A)) (2 —9l2) dE(Z)) '
0

According to Lemma 6.2 the following definition does not depend on
the actual choice of the decomposition of ¢.

Definition 6.3. If ¢ € F and if s, g is an admissible decomposition of ¢ in the
sense of Lemma 5.19, then we define

O(A) = 5(4) + :( / o ng). o

Theorem 6.4. The mapping ¢ — ¢(A) constitutes a x-homomorphism from
F into A" (C Ly(K)) which satisfies sp(A) = s(A) for every polynomial
s€Clz1,. .., 20

Proof. Since sy = s + 0+ (327_ 5 (2)) is an admissible decomposition
of sp, sm(A) = s(4) is an immediate consequence of Definition 6.3.

Let ¢1,¢2 € F and chose admissible decompositions s1,g; of ¢ and
S2,g92 of ¢o as in Lemma 5.19. Given A\, u € C, it is easily checked that
As1 + psa, Ag1 + g is an admissible decomposition of Ay + pgo. Therefore,
the linearity = yields

(Ad1 + pg2)(A) = (As1 + ps2)(4) + E</(@(A))(>\91 + pg2) dE>

= )\<31(A) += ( /a(e(A)) - dE>)
+ i (SQ(A) tE ( /U(e(A)) - dE>>

= Ap1(4) + pg2(A).

Obviously 81 , 01 is an admissible decomposition for qﬁ# € F. From Z(D*) =
E(D)* we derive

+
1(A)* = s1(A)* + :( / " dE)
a(0(4))

_#(A)+z</ gldE) _ ot (A).
a(0(4))
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Finally, we have

$1(2) - d2(z H ( 2) +gk(2) - Z%M )

j=1

(s182) m(2)

+ (510)9:(2) + 92201 (2) + 91 (22 Zq]@) > @

for all z € 0(©(A)) U Z,. Since

H(OANZE 3 2 — 51292 (2) + 2(2)1 (2) + g1 (= Zq]

is bounded, measurable and vanishes on Zg, $1S2,81G2 + S291 + 9192 Ej:l q;
is an admissible decomposition in the sense of Lemma 5.19 for ¢ ¢o € F; see
Remark 5.15. Hence,

(61 ¢2)(A) = (51 52)(A4) + E(/(@(A))(SIQQ + 5201+ 9192 Y 45) dE)

j=1

Since by [6, Lemma 5.11] and (4.2) we have Z(D1D;T+T) = E(D;)=(Ds2),
E(O(C)D) = CE(D), E(DO(C)) = E(D)C with T*T = 377, ¢;(0(4;)),
the second addend on the right hand side equals to

E<31(®(A)) /(@(A)) g2 b+ 52004 /(O(A)) g

’ (/U(eu)) e dE) Zn: qj(e(Aj)))

j=1

7(8(A)) 7(O(A))
7(8(4)) o (9(A))

(f1-¢2)(A) = <81(A) +E</¢7(6(A))gl dE))
| (SQ(A) ’ E(/a(@(A)) ” dE))

= $1(4) $2(4)

Finally, we shall show that ¢(A) € A”. Clearly, given an admissible decom-
position s,g with s € Clzy,...,2,] we have s(4) € A”. If C € A" C
ﬂ;‘zl(TjTj‘)’, then O(C) € {B(A)} because © is a homomorphism. By the
spectral theorem in Hilbert spaces ©(C') commutes with E(A) for all Borel
sets A. Consequently, it commutes with

[1]

Therefore,
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o=,
(©(4))

From [6, Lemma 5.11] we infer Z(D)C = Z(DO(C)) = E(0(C)D) = C=Z(D).
Hence, Z(D) € A” and finally ¢(A4) € A”. O

Proposition 6.5. The functional calculus ¢ — ¢(Aq, ..., Ay,) in Theorem 6.4
is bounded, when F is provided with ||.|z and Ly(KC) is provided with the
operator norm which originates from some compatible Hilbert space scalar
product on K.

Proof. The mapping F 3 ¢ — s € Clz1,..., 2z, from Lemma 5.10 is linear.
Thereby, the coefficients of s depend continuously on ¢; see Remark 5.11.
Consequently, also s(A) depends continuously on ¢.

By Lemma 5.20 the bounded g € B(c(O(A)) U Z;, C), such that s, g is

an admissible decomposition of ¢, depends continuously on ¢. Thus, [ gdFE,
and in turn Z([ gdE), depend continuously on ¢. O

7. Spectrum of A

As in the previous section let A € L;(K)™ be a tuple of pairwise commuting,
bounded, self-adjoint and definitizable operators where for j = 1,...,n we
denote by ¢; € R[¢]\{0} a definitizing polynomial for A;. We shall employ
the same notation as the previous sections. The aim of the present section is
to describe the spectrum o(A) (C C™) of the tuple A; see Definition 2.1.

Remark 7.1. fw ¢ 0(A), then (A—w)-B = Z] 1(A; —w;)B; = I for some
B = (Bj)j_; € (A")" C Ly(K)™. Taking adjoints and using the fact that A”
is abelian yields Y7, (A; — ;)" B} = I which means @ ¢ o(A). Hence,

a(A) = o(A).
Since © : (T'T+) — (TT)" constitutes a *-homomorphism, we also have
a(0(4)) € o(4). 0
Remark 7.2. Choosing s; € Clz1,. .., z,] with s;(21,...,2,) = z; we obtain

from Theorem 6.4 (s;)m(4) = Aj.

Let w € Z; be an isolated point of 0(©(A4)) U Z, and let e be the
multiplicative neutral element of C/(@); see Remark 5.3. By Example 5.16
the function é,.e belongs to F. As de-de = dye the corresponding operator
P, = (dy€)(A) € A" C Ly(K) constitutes a projection. Since P, commutes
with all operators of the form ¢(A) where ¢ € F, the range of P, is invariant
under all these operators ¢(A), in particular under A4; for j=1,...,n.

For A € C"\{w} we have (s;(w) — \;) = w; — \; # 0 for at least one
j € {1,...,n}. According to Remark 5.3 (s; — \j)am(w) € C'® is then
invertible with an inverse b; € C’ (@) From

(55 = M) - (Bwe) = 0w ((s5 — Aj)m(w)) (S F)
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we derive for x = Py € ran P,
(85 = M) Mm(A) - (Ouwbj)(A)z
= (6w ((s; — A m(w) - b)) (A)z = .
and conclude that

(Aj - Aj)|ran Py, — Aj|ran Py — Aj Ilran Py
has  (0wbj)(A)lranp, as its inverse operator. From (2.2) we obtain
A U((Aj‘ranpﬁ);}zl) and in turn U((Aj‘ranpﬁ)?zl) CA{w}. O

Lemma 7.3. For any point w € Z,\o(A) we have (d,e)(4) = 0.

Proof. By Remark 7.1 the point w € Z;\o(A) is isolated in o(O(A4)) U Z,.
Hence, by Remark 7.2 the projection P, := (d,¢)(A) € A” is well defined.

By assumption the operator tuple A—w (€ Ly(K)™) is invertible which
means that >3, (A; —w;I)B; = I for some By, ..., B, € A"; see Defini-
tion 2.1. Since P, and Bj,..., B, belong to a commutative subalgebra of
Ly(K), we have By(ran P,), ..., By(ran P,) C ran P,,. This yields

n

Z(Aj|ran Py — wjllran PH)Bj‘ran P, = I|ran Py

j=1
ie. w & o((Ajlran p)7—1). According to Remark 7.2 o ((Ajlranp,)7—1) = 0,
which is only possible if ran P,, = 0 or equivalently (d,,¢)(A) = 0. O

Corollary 7.4. The spectrum of A = (A;)}_, satisfies
o(4) = 0(6(4)) U (o(4) N Z,).
Proof. By Remark 7.1 it is enough to show that for A € C"\(c(©(4)) U

(0(A) N Zy)) the operator tuple A — ) is invertible.
For every w € 0(0(A)) U (¢(A) N Z,) let cf,..., ¥

n

€ C be such that
D (wy =) (wy = A+ ) #0.

Such a choice is possible because A ¢ 0(0(A)) U (¢(A) N Z,) and hence
w; — Aj # 0 for some j. For s; as in Remark 7.2 the functions

¢ = (55— Aj)m + > i (Owe) €F, j=1,...,n
weo(0(A))U(o(A)NZy)

satisfies (¢;(w ))(07___70) = (wj — A +¢;) for w € 7(O(A)) U (a(4) N Z,). With
e =1- ZJ Lwj — X)) (w; — X)), we Zy\o(A) consider

=) (i = Mmoo g+ Y. du(0ue).

j=1 wEZg\o(4A)

We have ((b(@)) = >0 (wj = M) (ws — Aj +¢f) # 0 for w €

.....

7(0(A4))U(a(A)NZ,) an ( (w ))(0 o = Lforwe Z\o(A). Hence, p(w) €
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C'®) is invertible for all w € Z\o(O(4)). For z € 0(O(4))\Z, € R" we

have
n

0= Z(Sa‘(&) =) - (s5(2) = Aj)
= |lz= A} > d(A, 0(O(4))) > 0.

(¢(2)) 0,..

)

We see that all assumptions of Lemma 5.18 are satisfied. Hence, ¢~1 €
F.If weset Bj = (¢'-¢;)(A) for j =1,...,n, then we obtain

> (4 <¢> Y (s5 = A)m ‘¢j> (4).

7j=1 Jj=1

By Lemma 7.3 this expression coincides with

O (s =M dp D d0ue) | (4) = (Dm(d) = 1.

j=1 weZy\o(A)

Thus, A — ) is invertible. O
Lemma 7.5. Let ¢ € F. If ¢(z) =0 for all z € o(A), then ¢(A) =

Proof. Our assumptions together with Corollary 7.4 implies that ¢ can be
written as Zwezq\o(é) dwp(w). By Lemma 7.3 we obtain

A = Y (Swd(w))(4)

weZy\o(A)

= 3 (Bud(w))(A) (5,e)(A) = 0.

weZ,\o(A)
O

Remark 7.6. The previous result implies for ¢ € F that ¢(A) only depends
¢(z), where z runs in o(A). Indeed, if ¢1(z) = ¢2(2) for all z € o(A), then
by Lemma 7.5 we obtain ¢1(A) — ¢2(A) = 0 and hence ¢1(A) = p2(A4). O

Since we can alter the values of a function ¢ € F at all point in Z,\o(A)
without changing ¢(A), we derive from Lemma 5.18 the following result.

Lemma 7.7. If ¢ € F is such that ¢(2) is invertible in C1(2) for all z € o(A)
and such that 0 does not belong to the closure of ¢(a(O(A))\Zy ), then ¢(A)

is invertible. Its inverse coincides with y(A) for any 1 € F satisfying ¥ (z) =
$(z)7", z€0(4).

8. Normal Operators

In [4] normal operators N € L;(K) on a Krein space K, which are definitizable
in the sense that their real part Ay := %(N + N7) and their imaginary part
Az = 5:(N — NT) are definitizable, were considered. The results derived in
that work perfectly fit into our present framework.
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Indeed, for a normal definitizable N € L(K) the pair A1, Ay € Ly(K)
constitutes a tuple as considered in Sect. 4. The following result describes the
connection of the spectrum of N and the spectrum of the tuple (47, A2).

Lemma 8.1. Let N be normal and definitizable operator in a Krein space K
and Ay, As the corresponding real and imaginary part of N. Then we have

o(N)={z1 +iz:z€ 0((41,42))}.

Proof. 1f n € C\o(N), then (N —n)~! exists as an element of L,(K). We set
By := (N —n)~! and By := i(N —n)~L. Clearly, By, By € {A;, A2}". For
every A € C2 which fulfills \; 4+ i\y = n we have

(Al - )\1)31 + (AQ - AQ)BQ = (Al + 1A2 - ()\1 + 1)\2) )(N - ’I])_l =1.
S—— —
=N =n

Thus, (A; — A1, As — A2) is invertible which means that A € C?\o((A1, A2)).

Conversely, for n € C\{z1 +iz2 : z € 0((A1,A2))} the function fu,
where f : C? — C is defined by f(2) := 21 +1iz2 —n, satisfies the conditions of
Lemma 7.7. Therefore, faq has a multiplicative inverse. From faq(A1, Ag) =
N — n we finally conclude € C\o(N). O

The functional calculus developed in [4] for normal N = A; + iAs,
definitizable operators on Krein spaces is almost the same as the functional
calculus for the tuple A1, As from the present paper. The only difference is
the domain for the functions ¢ € F. In the present note ¢ is defined on the
compact subset

7(0(A1),0(A2)) U Z, = 0(0(A1), 0(42)) U ZEUZ} (8.1)

CR?

of C? whereas in [4] ¢ is defined on

G(O(N) U{zi +iz:z € Z5}U 7}, (8.2)
1Y
CcC cc2

where according to Lemma 8.1 the spectrum of the normal operator ©(N) =
O(A1) + 1©(A3) on the Hilbert space H coincides with {z1 + izy : 2z €
o((0(41),0(A2)))}. Since R? 3 z +— 2 + izy € C is bijective, the sets
in (8.1) and (8.2) correspond to each other.

9. Compatibility of the Spectral Theorem

In this section we want to regard the spectral calculus for a tuple Ay =
(A;)j—, compared to the spectral calculus for Ay, := (A;);jen, where M C
N ={1,...,n} has m elements. For this we again fix definitizing polynomials
g; € R[¢]\{0} for A;, j =1,...,n, and set qy = (¢j)}=1 and 4y = (gj)jem-
We will employ the notation used in Sect. 4.

Moreover, we shall denote the function class introduced in Definition 5.13,
which corresponds to A,,;, by M and F)s, and the function class, which
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corresponds to Ay, by My and Fy. Finally, we introduce the projection
7 :CN — CM defined by
m(2) = (2)jem-

Note that by Theorems 2.5, 2.4 and (3.4)
m(0(On(An))) = o(On(An)) 2 0(On(An))-

As Z, = HJ 1Z¢; and Z, = HJGMZ we also have W(ZqN) = ZqM
Accordmg to (2.3) we have 7T( (Ay)) € o(A,s) which by Corollary 7.4
implies

T (o(ON(AN) U Z, ) = 0(Orr(Ay)) UZ,
Definition 9.1. For ¢ € M, we define p o™ € My by

(;S(W(g))ﬂ(a), if o = 0 for all je N\M

| (9.1)
0, otherwise

(¢om(z))a = {
for a € I(z) and z € 0(ON(Ay)) U Z, . Here I(2) C ZN is defined as in
(5.2) on the base of tuple Ay. ¢

For z € 0(On(Ay)) U Zg,, we conclude from z € ZRN that 7(z) € Z]R
and m(a) € 0,04 (7(2))] for all a € [0,d4 (2)] and from z € Z1 that
m(2) € Zq,, and m(a) € [0,04 (m(2))) for all a € [0,94 (2)). Thus, ¢>o7r as
defined in (9.1) belongs to My.

Lemma 9.2. For every ¢ € Fur we have pom € Fy.
Moreover, if for s € Clzj,j € M] we denote by som the polynomial s as
an element of Clz;j,j € NJ, then (s o T)pmy = Sam,, © 75 see Definition 5.7.

Proof. For w € Z, such that w is not isolated in o(On(Ay)) U Z, ~and
such that m(w) € Z is not isolated in 0(©xs(4y,)) U Z, ~we have

0= > (ew)ylC-rw)’+ 0<rgax ¢ = wy " “"7))
BE0,04,, (w(w))) !

as o(@M(AM))\Zg‘M > ¢ — m(w). Substituting { = m(z) with z € 0(On(Ay))
\Z;{N and employing (9.1), (¢om(2))a = 0 for all  not satisfying a;; =0, j €

N\M, and the fact that (z —w)® = (7(z) — 7(w))™ for a; =0, j € N\M,
yields

s = Y (dw),(z-w+ O(ma}gg 2 — wj [ “””)
€[00, (w) o

as a(@N(AN))\Z§ > z — w. From max;ep \zjfwj|°qf (ws) — O(maxjen |z;—
SN

wﬂaqi(wi)) we obtain g o € Fy.
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Ifw e Z,  is such that w is not isolated in o(On(Ay))U Z,  and such
that m(w) € Z,  is isolated in o(On(Ay)) U Z,, , then z; — w; = 0 for
j € M and for z € U(@N(AN))\Z§N sufficiently close to w. Hence,

¢(m(2) =o(r(w) = > (p(w) (z—w)*

€[00, (w)

for z € O’(@N(AN))\ZE%\I sufficiently close to w.

In order to verifyithe final assertion, it is obviously enough to show that
(s oMy (2) = (spmy 07)(2) for z € Z; . In fact, we have

D% 0m(z) = 0= ((smy 0m)(2)),
if a; # 0 for some j € N\M and
%DQS om(z) = %Dﬂ(a)s(w(g)) = (SMM(W(g)))ﬂ(a)
= ((s:ma 0 m)(2)),,
if a; =0 for all j € N\M. O

Remark 9.3. Tt is straight forward to verify that Far 2 ¢ — ¢pom(z) € Fy is
linear and respects multiplication on F. {

Corollary 9.4. If s, g is an admissible decomposition of ¢ € Far in the sense
of Lemma 5.19 with s € Clz;,7 € M| and a measurable and bounded g :
o(Onm(Ay)) U Z,, — C, then som € Clz;,j € N| and h : 0(On(Ay)) U
ZQN — C is an admissible decomposition of ¢ om € Fn where

EjeM a;(25)
Yjen 4i(z)

Proof. By Lemma 5.19 we have

h(z) = g(m(z)) - z€0(ON(AN))UZ,

S=sau+9- | D (@),
jeEM
with a bounded an measurable function g|a(@ M (A )\ZE - By Proposition 4.2
h‘ﬂ(@)N(AN))\ZﬁN is also bounded and measurable.
As g| Z,, = 0 we conclude from Remark 9.3 and Lemma 9.2 that ¢ o
m(w) = (s o m)my (w) and h(w) =0 for w € Z, . For z € U(@N(AN))\ZEV
we have

¢om(z) = spy o7(2) +9(7(2))- ( > @) pgy, 0 7r(Z))

jEM

= (som)my(2) +9(7(2)) - ( > Qj(Zj)>

jeM
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= (s0m)my(2) +h(2)- ( > qy‘@j))

JEN

= (som)rmn(2) +h(2) - ( > @)y (Z)) -

JEN

Theorem 9.5. For every ¢ € Fur we have

P(Ay) = (¢om)(Ay)
where gom is as in Lemma 9.2, ¢(A,,) is as in Definition 6.3 defined for the
tuple Ay; and (pom)(Ay) is as in Definition 6.3 defined for the tuple Ay .

Proof. Let s, g be an admissible decomposition of ¢ € Fj;. By Definition 6.3

we have
odar) = stag) + 2 ( [ gar).
a(Om(Apr))

where F' denotes the common spectral measure of ©p(A,,) as in Theo-
rem 2.2. By Theorem 2.5 we have F(A) = Ep(m—1(A)) for Borel-subsets
A C CM where Ej denotes the common spectral measure of ©(A4y).
Together with (3.9) we derive

odas) = s(oe) + 2 [ gomdE)

=s(4Ay)+EN (RM/NRR/[/N /g o7TdEN>,

where Ex denotes the common spectral measure of Oy (Ay).
Since g o 7 vanishes on Z; , we have JgomdEN = fC"\ZgN gomdEy.

According to (4.3) we obtain
2 jen 4i(%)

O(dnr) = (s0m)(Ay) + EN( [t grandis,. dEN<z>).

According to Corollary 9.4 and Definition 6.3 this expression coincides with
(pom)(Ay). O
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