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Abstract

For a bounded Lipschitz domain with Lipschitz interface we show the following
compactness theorem: Any L?>-bounded sequence of vector fields with L?>-bounded
rotations and L?-bounded divergences as well as L?-bounded tangential traces on one
part of the boundary and L?>-bounded normal traces on the other part of the bound-
ary, contains a strongly L?-convergent subsequence. This generalises recent results
for homogeneous mixed boundary conditions in Bauer et al. (SIAM J Math Anal
48(4):2912-2943, 2016) Bauer et al. (in: Maxwell’s Equations: Analysis and Numer-
ics (Radon Series on Computational and Applied Mathematics 24), De Gruyter, pp.
77-104, 2019). As applications we present a related Friedrichs/Poincaré type esti-
mate, a div-curl lemma, and show that the Maxwell operator with mixed tangential
and impedance boundary conditions (Robin type boundary conditions) has compact
resolvents.
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1 Introduction

Let Q C R3 be open with boundary I', composed of the boundary parts Iy (tangential)
and I'1 (normal). In [2, Theorem 4.7] the following version of Weck’s selection theorem
has been shown:

Theorem 1.1 (compact embedding for vector fields with homogeneous mixed bound-
ary conditions) Let (€2, ) be a bounded strong! Lipschitz pair and let & be
admissible?. Then

1 . pt o
Hr, (curl, ) Ne™ "Hry (div, ) < L7().

cpt . . . .
Here, — denotes a compact embedding, and—in classical terms and in the smooth
case—we have for a vector field E (n denotes the exterior unit normal at I")

E € Hr,(curl, ) & Eecl®(Q), culEel*(Q), nxE|p=0,
Ece 'Hy(div,Q) & ¢Eel*(Q), diveE el*(Q), n-¢Elp =0.

For exact definitions and notations see Sect. 2, and for a history of related compact
embedding results see, e.g., [5, 7, 19, 21, 23, 24, 26] and [9]. The general importance
of compact embeddings in a functional analytical setting (FA-ToolBox) for Hilbert
complexes (such as de Rham, elasticity, biharmonic) is described, e.g., in [13-16] and
[1,17,18].

In this paper, we shall generalise Theorem 1.1 to the case of inhomogeneous bound-
ary conditions, i.e., we will show that the compact embedding in Theorem 1.1 still
holds if the space

Hr, (curl, ) N e~ 'Hr, (div, Q)
is replaced by

Hr, (curl, ) N e~ 'H, (div, ),

! Both Q and the interface Ty N T are locally defined by graphs of Lipschitz functions.
2 See Sect. 2.
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where in classical terms and in the smooth case

E € Hr,(curl, Q) & E e l?(Q), cullE e€l*(Q),n x E|p, € L*(Iy),
Ece 'HnWiv,.Q) & ¢Ecl* Q). diveE € l’(Q).n-¢El € L2(I).

The main result (compact embedding) is formulated in Theorem 4.1. Note that
while Theorem 1.1 even holds for bounded weak? Lipschitz pairs (€2, Iy), cf. [2,
Theorem 4.7], Theorem 4.1 is only shown for bounded strong Lipschitz pairs. This
comes by using regular decompositions in €2 which fail in the weak Lipschitz case
as—roughly speaking—the corresponding transformations respect H(curl, 2) and
H(div, ) regularity but not H! (2) regularity. Moreover, we emphasise that the addi-
tional L regularity at the boundary is crucial since the natural H~!/? regularity at
the boundary does not allow for compact embeddings. E.g., it is well known that
H(curl, €2) N H(div, ) is not compactly embedded into L2(Q).

As applications we show that the compact embedding implies a related Friedrichs/
Poincaré type estimate, cf. Theorem 5.1, showing well-posedness of related systems
of partial differential equations. Moreover, in Theorem 5.3 we prove that Theorem
4.1 yields a div-curl lemma. Note that corresponding results for exterior domains are
straight forward using weighted Sobolev spaces, see [11, 12]. Another application
is presented in Sect. 5.3 where we show that our compact embedding result implies
compact resolvents of the Maxwell operator with inhomogeneous mixed boundary
conditions, even of impedance type. We finally note in Sect. 5.4 that the corresponding
result holds (in the simpler situation) for the impedance wave equation (acoustics) as
well.

2 Notations

Throughout this paper, let & C R3 be an open and bounded strong Lipschitz domain,
and let ¢ be an admissible tensor (matrix) field, i.e., a symmetric, L°°-bounded, and
uniformly positive definite tensor field & : Q2 — R3*3. Moreover, let the boundary
I' of © be decomposed into two relatively open and strong Lipschitz subsets Iy and
I := I' \ T forming the interface Ty N Iy for the mixed boundary conditions. See
[2—4] for exact definitions. We call (€2, Iy) a bounded strong Lipschitz pair.

The usual Lebesgue and Sobolev Hilbert spaces (of scalar or vector valued fields) are
denoted by L2(R2), H! (), H(curl, ), H(div, 2), and by Ho(curl, ©) and Ho(div, 2)
we indicate the spaces with vanishing curl and div, respectively. Homogeneous bound-
ary conditions are introduced in the strong sense as closures of respective test fields
from

1"«3(9) = i¢|g ¢ e COO(R3), supp ¢ compact, dist(supp ¢, Iy) > O] ,

3 Both Q and the interface Ty N T are Lipschitz submanifolds.
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ie.,
Q ————H 1,2
HE @) =@ . Hiyeurl, @) = Cr @)

div,
Hiy (div, @) == CR(@)

and we set Hj(Q) := HY(Q), Hy(curl, @) := H(curl, Q), and Hy(div, Q) :=
H(div, €2). Spaces with vanishing curl and div are again denoted by Hp o(curl, £2)
and Hr, o(div, €2), respectively. Moreover, we introduce the cohomology space of
Dirichlet/Neumann fields (generalised harmonic fields)

Hro.ry. () := Hry o(curl, Q) N e~ HE, o(div, ).

The L%(2)-inner product and norm (of scalar or vector valued L2 (£2)-spaces) will be
denoted by (-, - )2 © and || - ||,2 > respectively, and the weighted Lebesgue space

LE(Q) is defined as LZ(Q) (of vector fields) but being equipped with the weighted
L%(£2)-inner product and norm ( -, D2 =L g and || - l2(@) respectively.
The norms in, e.g., HI(Q) and H(curl, €2) are denoted by || - ”H‘(Q) and | - llH(cur, )
respectively. Orthogonality and orthogonal sum in L?(2) and Lg(Q) are indicated by
J—LZ(Q)’ ng(Q)’ and @Lz(ﬂ)’ GBL?(Q)’ respectively.

Finally, we introduce inhomogeneous tangential and normal L>-boundary condi-
tions in

A, (curl, Q) = HE e Hicurl, Q) : mE € LZ(FO)} ,

Ar, (div, Q) = {E € H(div, Q) : v E € L2(F1)}

with norms given by, e.g., || E ||a  (eurl, o

tions of the latter Hilbert spaces and traces need some explanations:

”E”H(curl o T ||TI‘0E||L2(1_, X The defini-

Definition and Remark 2.1 (L2-traces.)

(i) The tangential trace of a vector field £ € H(curl, 2) is a well-defined tangentlal
vector field Tr £ € H™ 172 generalising the classical tangential trace wE =
—n X nx E|r for smooth vector fields E. By the notation 7, E € L2(Ty) we
mean, that there exists a tangential vector field Er, € L%(I), such that for all
vector fields ® € Hy, () it holds

(curl @, E)j2g) — (@, curl E) 2 ) = (rligcb, Eny)i2(ry)-

Then we set 1, E := Er, € LZ(FO). Here and in the following, the twisted tan-
gential trace of the smooth vector field ® is given by the tangential vector field
7P =nx®|r € (N with 7 ® = ¢ |, = 0and 7 & = 7* |, € L*().
Note that tr, E is well defined as ‘CIzZ) Hll*. (R2) is dense in Ltz(l"o) = {v e L2(Iy) :
n-v= 0}.
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(ii) Analogously, the normal trace of a vector field E € H(div, £2) is a well-defined
function vp E € H™ 1/2(I‘) generalising the classical normal trace er =n- E|r
for smooth vector fields E. Again, by the notation vr, E € L2 (I'}) we mean, that
for all functions ¢ € Hl0 (€2) it holds

(Vo, E>|_2(Q) + (¢, div E>|_2(Q) = (o ¢, vry E)LZ(FI)‘
Here, the well-known scalar trace of the smooth function ¢ is given by or¢ =
¢lr € LX)
with o1,¢ = orélr, = 0 and or,¢ = or¢|r, € L>(I). Note that vr, E is well
defined as oty H, (%) is dense in L*(I7).
Remark 2.2 (L2—traces.) Analogously to Definition and Remark 2.1 (i) and as

rlff tro =mxE) (—nxnxH)= (nxan)~(nx1-1):—rrof~rlif)ﬁ

holds on Iy for smooth vector fields E R H , we can define the twisted tangential trace
‘L';;E € L2(F0) of a vector field E € H(curl, 2) as well by

(curl @, E) 2 () — (@, curl E) 2y = —(try @, 713 E) 21y

for all vector fields ® € HlLl (2).

3 Preliminaries
In [4, Theorem 5.5], see [3, Theorem 7.4] for more details and compare to [2], the
following theorem about the existence of regular potentials for the rotation with homo-

geneous mixed boundary conditions has been shown.

Theorem 3.1 (regular potential for curl with homogeneous mixed boundary condi-
tions)

Hry.0(div, ) N Hry,r () 2@ = curl Hry (curl, ) = curl HY (2)

holds together with a regular potential operator mapping curl Hry (curl, 2) to Hll". (2)
continuously. In particular, the latter ranges are closed subspaces of L2(£2).

Moreover, we need [4, Theorem 5.2]:

Theorem 3.2 (Helmholtz decompositions with homogeneous mixed boundary condi-
tions) The ranges V HILO(Q) and curl Hr (curl, 2) are closed subspaces of L2(Q), and

the Lg(Q)-orthogonal Helmholtz decompositions

@ Springer



ANNALI DELL'UNIVERSITA’ DI FERRARA

L2(R) = VHL (@) D20 e "Hr, o(div, Q)
= Hry o(curl, Q) @2, ¢~ curl Hr, (curl, Q)
= VH () @2y Hiy.ry.e () @2y ¢ curl Hry (curl, Q)

hold (with continuous potential operators). Moreover, Hr, ry,¢(€2) has finite dimen-
sion.

Combining Theorem 3.1 and Theorem 3.2 shows immediately the following.

Corollary 3.3 (regular Helmholtz decomposition with homogeneous mixed boundary
conditions) The Lf(Q)-orthogonal regular Helmholtz decomposition

L3(R) = V Hp, (Q) @2 () Hry.1y.6(R) B2 &' curl H (R)
holds (with continuous potential operators) and Hr, 1, ¢(S2) has finite dimension.
More precisely, any E € Lg(Q) may be LE(Q)—orthogonally (and regularly) decom-
posed into

E=Vuy+ Ex+ e eurl Ecun

withuy € Hll“o (2), Ecun € Hll-1 (2), and E1y € 'Hry 1,6 (2), and there exists a constant
¢ > 0, independent of E, uv, E1{, Ecul, Such that

||EH”L§(Q) = ”E”Lg(Q)v
C”’/‘V”leo(g) <V uV”[_?(Q) = ||E||L§(Q),

C”Ecurl”HlL] @ = ||871 curl Ecurl”;_g(g) = ||E||L§(Q)~

4 Compact embeddings
Our main result reads as follows:

Theorem 4.1 (compact embedding for vector fields with inhomogeneous mixed
boundary conditions)

—~ _1n . cpt 5

Hr, (curl, ) Ne™ "Hr (div, ) < L7().
Proof Let (Ey) be a bounded sequence in ﬁro (curl, 2) N s_lﬁrl (div, ). By the
Helmbholtz decomposition in Corollary 3.3 we Lg(Q)-onhogonally and regularly
decompose

E¢=Vuve+ Ene+ e Leurl Ecun,e
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with uy ¢ € Hf, (Q), Ecure € Hf, (R), and E3y ¢ € Hr, 1.6 (), and there exists a
constant ¢ > 0 such that for all ¢

””V,ZHHILO(Q) + ”E'H,K”Lg(g) + ”Ecurl,Z”p_hL1 (Q) =< C”El”l_%(g)'

As Hr, 1,¢(£2) is finite dimensional we may assume (after extracting a subse-

quence) that E4 ¢ converges strongly in LE(Q). Since H'(Q) CCB; L2(Q) by Rellich’s
selection theorem, we may assume that also the regular potentials uy ¢ and Ecyq ¢
converge strongly in L2(2). Moreover, uv ¢|lr and Ecyr ¢|r are bounded in HY/2(I)
by the (scalar) trace theorem, and thus we may assume by the compact embedding

Hl/z(l“) fﬁi LZ(F) that uy ¢|r and Ecyq ¢|r converge strongly in LZ(F). In particular,
uv ¢|r, and Ecyr, ¢|r, converge strongly in L2(F1) and LZ(FO), respectively. After all
this successively taking subsequences we obtain (using Lg(Q)-orthogonality and the
definition of the L2 (I'y)-traces of vr ¢ E¢ and the L2 (I'y)-traces of 7r,, E¢ from Definition
and Remark 2.1)

_ 2
V(v ¢ uV,k)”Lg(Q)
= (Vluv,e —uv,p). Ee — E)2q)
=—(uv,e —uv g, dive(Er — Ep)) 2(q) + (o1 (v ¢ —uv i), vrye(Ee — E) 2

s clluve —uvill2g) +ell@y.e —uv Ol 2y = 0

and

—1 2
1(E, —E
lle™" curl( curl, ¢ curl.k)”l_g(g)
= (‘971 Curl(Ecurl,l - Ecurl,k)a E; — Ek>|_§(9)
= (Ecurl,l - Ecurl,ky curl(Ey — Ek)>|_2(Q) + (Tf*; (Ecurl,i - Ecurl,k)s TFO(EZ - Ek)>|_2(1—~0)

= C”Ecurl,Z - Ecurl,kHLZ(Q) + C“(Ecurl,l - Ecurl,k)|l"()”|_2([‘0) — 0.

Hence, (E,;) contains a strongly Lg(Q)-convergent (and thus strongly LZ(Q)-
convergent) subsequence. O

Remark 4.2 (compact embedding for vector fields with inhomogeneous mixed bound-

ary conditions.) Theorem 4.1 even holds for weaker boundary data. For this, let

t
0 < s < 1/2. Taking into account the compact embedding H'/?(TI") E w (I') and
looking at the latter proof, we see that

—s —1 . —s cpt 5
{E eH(curl, Q) : iy E e H ¥ (I} N {E € & 'H(div, Q) : vryeE €H (rl)} < LH(RQ).
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5 Applications
5.1 Friedrichs/poincaré type estimates
A first application is the following estimate:

Theorem 5.1 (Friedrichs/Poincaré type estimate for vector fields with inhomogeneous
mixed boundary conditions) There exists a positive constant ¢ such that for all vector
fields £ in Hry (curl, 2) N e~ A, (div, ©) N Hpy 1y.0(2) 3@ it holds

clEN2q) = eurl Ell 2(q) + IdiveEll2q) + TR Ell 2y + IVr € E Nl 2y

Proof For a proof we use a standard compactness argument using Theorem 4.1.
If the estimate was wrong, then there exists a sequence (E¢;) € Hp(curl, ) N

e~ A, (div, Q) N Hpy 1.0 (2) 2@ with IE¢l 2y = 1 and

||curl Eg||L2(Q) + ||div 8Eg|||_2(9) + ||rr0E5||Lz(FO) + ||vr1£Eg||Lz(l—l) — 0.

Thus, by Theorem 4.1 (after extracting a subsequence)
E; — E in A (curl, @) Ne ' Ap div, ) N Hpr .. (Q)2@  (strongly)

and curl £ = 0 and div ¢ E = 0 (by testing). Moreover, for all & € Clci‘f(Q) and for all
¢ € CX(Q)

(curl @, Eg),_z(m — (P, curl Eg)Lz(Q) = (1:FXO<I>, rroEg)Lz(FO) < C||TF0E£|||_2(1~0) — 0,
(Vo, 8E€)|_2(Q) + (¢, div SEK)LZ(Q) = (UI‘1¢» VI‘18EK)|_2(FI)

= C||VF1<9E€|||_2(1“1) — 0,
cf. Definition and Remark 2.1, implying
(curl @, E)LZ(Q) =(Vo, EE)Lz(Q) =0.

Hence, E € Hp o(curl, 2) N e’lHrl,o(div, Q) = Hr,,1,:(2) by [4, Theorem 4.7]
(weak and strong homogeneous boundary conditions coincide). This shows E = 0 as
E 1> Hiy,1,6(€2), in contradiction to 1 = || E¢ll2(q) = I Ell2(q) = 0. O

Remark 5.2 (Friedrichs/Poincaré type estimate for vector fields with inhomogeneous
mixed boundary conditions.) As in Remark 4.2 there are corresponding generalised
Friedrichs/Poincaré type estimates for weaker boundary data, where the L>(Tg /1)
spaces and norms are replaced by H™*(I'g/1)-spaces and norms.
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5.2 A div-curl lemma
Another immediate consequence is a div-curl-lemma.

Theorem 5.3 (div-curl lemma for vector fields with inhomogeneous mixed boundary
conditions) Let (E,) and (H,,) be bounded sequences in ﬁro (curl, €2) and ﬂrl (div, 2),
respectively. Then there exist E € ﬁro (curl, 2) and H € ﬁrl (div Q) as well as
subsequences again denoted by (E,) and (H,,), such that E,—FE in Hro (curl, 2) and
H,—H in Hr. (div, 2) as well as

(E,, H, >L2(Q) (E, H)Lz(g).

Proof We follow in closed lines the proof of [14, Theorem 3.1]. Let (E,,) and (H,) be
as stated. First, we pick subsequences, again denoted by (E,) and (Hy,), and E and H,
such that £,,—FE in ﬁro (curl, 2) and H,— H in ﬁrl (div, €2). In particular, H,—H
and div H,— div H in L2(2) as well as

vryHy—vr H in L2(IY). 1)
To see (1), let vry H,— Hr, in L*(I'). Since for all ¢ € H, ()

(0F1¢s HI‘I)LZ(r]) <~ <Ul"1¢a vry H">L2(F1) = (Vo, Hn>|_2(Q) + (¢, div Hn)LZ(Q)

we get H € ﬁrl (div, ) and vryH = Hr,. Moreover, (or,¢, vr, H">L2(I‘1) —
(ory ¢, vry H) 2, As or HE, () is dense in L*(I7) and ((-, vry Hu)2p,,) 1S uni-
formly bounded with respect to n we obtain (1).

By Theorem 3.2 we have the orthogonal Helmholtz decomposition

Hr,(curl, Q) 3 E, = Vu, + E,

with u, € HL(Q) and E, € Hp(curl, 2) N Hp, o(div, 2) as VH} (@) C
Hr,,o(curl, ) C ﬁro (curl, 2). By orthogonality and the Friedrichs/Poincaré esti-
mate, (u,) is bounded in H}O (£2) and hence contains a strongly LZ(Q)-convergent
subsequence, again denoted by (u,). (For Iy = ) we may have to add a constant to each

u,.) Moreover, as (u,|r) is bounded in HI/Z(F) fﬁ LZ(F) we may assume that (u,|r)
converges strongly in L2(F) In particular, (oryun) = (un|ry) converges strongly in
L2(I). The sequence (E ) is bounded in H]“O (curl, ) NHry o(div, £2) by orthogonal-
ity and since curl E,l =curl £, and tr, E,, = ‘L'[‘OE Theorem 4.1 yields a strongly
L2()- convergent subsequence, again denoted by (E, ). Hence, there existu € H1 , (§2)
and E € Hy, (curl, Q) NHr, o(div, ) such that u,—u in HE, (@) andu, — uin LZ(Q)
and oryu, — oryu in L*(I) as well as E,—E in H, (curl, ) N Hpy o(div, 2) and
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E, — E inLX(Q). Finally, we compute

(En, Hn)LZ(Q) = (Vuy, Hn)LZ(Q) + <En, Hn)LZ(Q)
—(uy, div Hn>|_2(g2) + {or un, vy Hﬂ)Lz(Fl) + (En, Hn>|_2(g2)

— —(u. div H) 2, + (or,u. v, H) 2y + (B H) 2
= (Vu. div H) 2 (g + (E. H)2q) = (E. H) 2(q).

since indeed E = V u + E holds by the weak convergence. O

Remark 5.4 (div-curl lemma for vector fields with inhomogeneous mixed boundary
conditions.) As in Remark 4.2 and Remark 5.2 there are corresponding generalised
div-curl lemmas for weaker boundary data, where the L2(I /1)-spaces and norms are
replaced by H™*(I"g,1)-spaces and norms.

5.3 Maxwell’s equations with mixed impedance type boundary conditions

Let &, u be admissible and time-independent matrix fields, and let 7,k € R;. In
I x Q with I := (0, T) we consider Maxwell’s equations with mixed tangential and
impedance boundary conditions

o E — e leurlH=F , (Ampere/Maxwell law) (2a)
o H + ,u71 curl E = G, (Faraday/Maxwell law) (2b)
diveE = p, (GauBlaw) (2¢)

divuH =0, (GauB law for magnetism) (2d)

mLE =0, (perfect conductor bc) (2e)

vroH = f, (normal trace bc) (2f)

mE+ ktrxl H =0, (impedance bc) (2g)
E(0) = Ey, (electric initial value) (2h)

H(0) = Hy. (magnetic initial value) (21)

Here, F, G are time-dependent sources and Eg, Hy, p, and f are time-independent
source terms. Note that the impedance boundary condition (also called Leontovich
boundary condition) is of Robin type and that the impedance is given by A = 1/k =
e/ if e, ju are positive scalars.

Despite of other recent and very powerful approaches such as the concept of “evo-
lutionary equations”, see the pioneering work of Rainer Picard, e.g., [10, 20], one can
use classical semigroup theory for solving the Maxwell system (2).
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We will split the system (2) into two static systems and a dynamic system. For
simplicity we set ¢ = u = 1 and F = G = 0. The static systems are

curl E =0, curl H =0, (3a)
divE = p, divH =0, (3b)
m,E =0, vroH = f, 3c)
m E = —kg, rFXlH =g, (3d)

where g is any suitable tangential vector field in L?(I'}). For simplicity we put g = 0,
then these two systems are solvable by [2, Theorem 5.6]. However, the same result
also gives conditions for which g 7 0 this system is solvable. The dynamic system is

o,E =curl H, (4a)

o/H = —curl E, (4b)

divE =0, (4c)

div H =0, (4d)

v, H =0, (4e)

m,E =0, (4f)

mE+ ktrxl H=0. (4g)

The initial conditions for the dynamic system are E(0) = E¢g — Es; and H(0) =
Hop — Hg, where E; and H; are the solutions of the two static systems (3). We can

write (4a) and (4b) as
P E| 0 curll||E
"lH| |—curl 0 ||H]|

—_—
=:Ag

and the boundary conditions (4f) and (4g) shall be covered by the domain of Ag:

dom Ag:= {(E, H) eHr(curl, Q) x Hr, (curl, Q)

m,E=0, mE + krﬁH:O} :

Here, we did ignore the equations div £ = 0, div H = 0 and v H = 0. However, A
is a generator of a Cp-semigroup by [22, Example 8.10] or [25, Section 5], where the
input function is u = 0. (In these sources they regard boundary control systems and
system nodes, respectively. One condition of those concepts is that the system with
u = 0 is described by a generator of a Cyp-semigroup). The following lemma provides
a tool to show that the remaining conditions from (4) are also satisfied.

Lemma5.5 Let T(-) be a Cy-semigroup on a Banach space X, and let A be its genera-
tor. Then every subspace V 2 ran A is invariant under T(-). Moreover, A |V generates

v iV is additionally closed in X.

the strongly continuous semigroup Ty (-) := T(-)
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Proof Lett > Oandletx € V. Thenran A > Afot T(s)x ds = T(¢)x — x and hence
T(t)x € V. The remaining assertion follows from [6, Chapter II, Section 2.3]. O

Therefore, it is left to show that the remaining conditions establish a closed and
invariant subspace under the semigroup Ty generated by Ao or contains ran Ag. Note
that by Theorem 3.1

S:={(E,H) | divE =0, divH =0, vr,H = 0}
= Ho(div, ) x Hr, o(div, )
= (curl H(curl, €) x curl Hr, (curl, Q)) ® (Hr,g(Q) x Hry.ro (Q)).

This space is closed as the intersection of kernels of closed operators. Clearly,

Hrg(2) x Hry,r,(2) is invariant under Ty, since every (E, H) € Hrg(2) x
‘Hry, 1, (£2) is a constant in time solution of the system (4), i.e.,

wolf]-[7)

By
1H(url, Q) x curl H (curl, @) = | © v (Hr, (curl, 2) x H(curl, 2))
curl H(curl, curl Hr, (curl, =|_cul 0 1, (curl, curl,
Dran Ay

and Lemma 5.5 we have that also curl H(curl, €2) x curl Hr, (curl, €2) is invariant under
To. Hence, Lemma 5.5 and Theorem 4.1 imply the next theorem.

Theorem 5.6 A := Ay | is a generator of a Co-semigroup and

s
dom A C (HI (curl, ) N H(div, 22)) x (I (curl, ) N HTy(div, 2)) E L@).

Consequently, every resolvent operator of A is compact.

If Hr p(2) = {0} and Hr, r, (2) = {0}, then Ois in the resolvent set of A and A~ lis

compact. Alternatively, we can further restrict A to HF,M(Q)LLZ(Q) x Hry 1 Q) 2@,
This would also match our separation of static solutions and dynamic solutions, since
solutions with initial condition in Hr 4(£2) x Hr, 1, (€2) are constant in time.

5.4 Wave equation with mixed impedance type boundary conditions

For the scalar wave equation the situation is even simpler since traces of H'(Q)-
functions already belong to L?(I"), even to H'/>(I"). In I x © we consider the wave
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equation in first order form (linear acoustics) with mixed scalar and impedance bound-
ary conditions

oyw —divv =0,
v —Vw=0,
or,w =0,

onyw + kvpv =0,
w(0) = wy € L(Q),
v(0) = vy € L2(R).

o[- L]

——
=:Ag

We write the system as

with
dom Ag := [(w, v) € HE () x Hr, (div, 2) ’ orw + kv, = 0}.

Asbefore, by [8, Theorem 4.4] or [22, Example 8.9], A is a generator of Cp-semigroup.
Again, we want to separate the static solutions from the dynamic system. The static
solutions are given by ker Ap, which can be characterise by

ker Ag = {0} x Hpy o(div, €2),

where we assumed [y # @, otherwi§§ the first component can also be constant and
the second component would be in Hr, o(div, €2). By Theorem 3.2, the orthogonal
complement of ker Ay is

S = L*(Q) x VH[, ().

Note that S contains ran Ag and is therefore (by Lemma 5.5) an invariant subspace
under the semigroup generated by Ag. Moreover, note that V HILO (£2) € Hry o(curl, £2)
and that S is closed. Hence, Lemma 5.5 and Theorem 4.1 imply the next theorem.

Theorem 5.7 A := Ay | is a generator of Co-semigroup and

|s
dom A C HITH(R) x (AT (div, 2) N H, 0(curl, ) & 2@).

Consequently, every resolvent operator of A is compact.

Alternatively, we can also regard the classical formulation of the wave equation and
see that it is necessary for the second component in our formulation to be in V HILO (),
if we want the solutions to correspond.
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