ANALYSIS OF COUPLED MAXWELL-CABLE PROBLEMS

TIMO REIS® AND NATHANAEL SKREPEK

ABsTRACT. Building on the recently published work [CGRS25], which intro-
duces a model for the interaction between electromagnetic fields and radiating
(possibly curved) cables, we analyze the qualitative properties of the resulting
dynamical system. The model features inputs and outputs given by the currents
and voltages at the cable ends, while the state comprises the corresponding
distributions along the cables and the electromagnetic fields in the surround-
ing domain. We show that the autonomous dynamics (i.e., with zero input)
generate a strongly continuous semigroup and establish sufficient conditions
for well-posedness, meaning continuous dependence of the state and output
trajectories on the inputs and initial conditions.

1. INTRODUCTION

The present work builds on the mathematical model introduced in [CGRS25]
for describing the interaction between electromagnetic fields and radiating cables.
In this framework, the electromagnetic field is governed by Maxwell’s equations,
whereas the cables (referred to synonymously as transmission lines throughout this
work) are described by the telegrapher’s equations. The coupling between these
subsystems is realized through interface conditions that link the cable currents to
the magnetic field strength and the cable voltages to the electric field strength.

A particular challenge of this setting lies in its mixed-dimensional character. The
currents and voltages along the cables are functions defined on one-dimensional
intervals, while the coupling interface consists of the cable surfaces, that is, two-
dimensional submanifolds of R3. The electromagnetic field dynamics, in turn, evolve
in the three-dimensional exterior domain surrounding the cables. Altogether, the
resulting model comprises coupled telegrapher’s and Maxwell’s equations.

A similar mixed-dimensional coupling was used in [JSE23] for heat exchange,
albeit without examining well-posedness.

There exists a vast body of literature in electrical engineering on this type of
coupled problems (see, e.g., [RRPR02, LWK ™17, Rac12, LNT88, PA81, APGS&0]).
However, the simultaneous consideration of curved cables and a rigorous mathemat-
ical analysis, including solvability and well-posedness, appears to be missing.

In this article, we address these aspects from the viewpoint of infinite-dimensional
linear systems theory and the theory of port-Hamiltonian systems. We consider k
cables with circular cross-sections and possibly curved geometries, which interact
with the surrounding electromagnetic field. The voltage and current distributions
along the cables are extended to their lateral surfaces, forming a two-dimensional
interface where these quantities serve as tangential boundary data for the electric and
magnetic field intensities governed by Maxwell’s equations in the exterior domain.
The inputs and outputs of the overall system are given by the boundary values of
the telegrapher’s equations, i.e., by the voltages and currents at the cable ends.
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Since the state of the overall system consists of functions of spatial variables,
the state space is infinite-dimensional, whereas the input and output spaces are
finite-dimensional, determined by linear combinations of the boundary voltages
and currents. We prove that the free (autonomous) dynamics generate a strongly
continuous semigroup. By employing the theory of system nodes [Sta05|, we derive
conditions on the input and the initial state that ensure existence of solutions. Finally,
we provide conditions on the input configuration that guarantee well-posedness, i.e.,
continuous dependence of the state and output on the input and the initial state.

This article is organized as follows. After introducing the notation in the remainder
of this section, we present the mathematical model in Section 2. In Section 3, we
derive several key properties of the coupling conditions that are essential for the
subsequent analysis. Section 4 reformulates the coupled problem in an operator-
theoretic framework and characterizes all boundary conditions that render the system
dissipative. In Section 5, we focus on the input—-output behavior of the coupled
field—cable system. After introducing a system-node formulation, we establish
criteria for well-posedness and demonstrate that the resulting model fits naturally
into the port-Hamiltonian framework.

Notation and convention. Let X’ and )) be complex Hilbert spaces. The Cartesian
product of X and ) is commonly represented as [ﬁ,{ ] ,.» and the extension to more
than two spaces is straightforward. We denote the norm in X as ||-||x and the
identity mapping in X as idy. Similarly, we use id,, for the identity mapping on C".

We omit the subscripts indicating the space when the context is clear. Further,
if not stated else, a Hilbert space is canonically identified with its anti-dual.

The space of bounded linear operators from X to ) is denoted by L,(X,)).
As usual, we abbreviate £, (X) = Ly (X,X). The domain dom(A) of a possibly
unbounded linear operator A: dom(A4) C X — Y is typically equipped with the
graph norm [|z{|gom(a) = (||z[% + HAxH%,)l/z. By writing A C B for two operators,
we mean that A is a restriction of B, and A stands for the closure of a closable linear
operator A. The adjoint of a densely defined linear operator A: dom(A) C X — Y

is A*: dom(A*) C Y — X with
dom(A*) ={y € V|Iz € X s.t. Vo € dom(A) : (y, Ax)y = (z,z)x }.

The vector z € X in the above set is uniquely determined by y € dom(A*), and we
set A*y = z. Note that we identify C**™ = £,(C™,C"). Together with the fact
that C™ and C™ are equipped with the Euclidean inner product, this means that
A* € C™*™ is the conjugate transpose of A € C™*". Likewise, x* is the conjugate
transpose of x € C" = C"*!, such that the inner product in C" reads

(x,y)cn = y* .
For P € C"*", we write P > 0 (P > 0), if P = P* is positive (semi-)definite.
Likewise, P < 0 (P < 0) means that P = P* is negative (semi-)definite. Further,
At € C"*™ denotes the Moore-Penrose inverse of A € C™*".

We use the notation of the widely used textbook [AF03] by ADAMS ET AL. for
Lebesgue and Sobolev spaces. For function spaces with values in a Hilbert space
X, we indicate the additional mark “; X” after writing the domain. For instance,
the Lebesgue space of p-integrable X-valued functions on the domain 2 is LP(; X).
Note that, throughout this article, integration of X'-valued functions always has to
be understood in the Bochner sense [DUT77].

2. THE MODEL

We now present the details of our model. To this end, we describe the assumptions
on the spatial geometry of the problem, the modeling of the cables including the
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assumptions on the input—output configuration, the modeling of the electromagnetic
field, and the coupling between the cable and the field.
Throughout the entire article, £ denotes the number of cables.

2.1. The geometry. We assume that the electromagnetic field evolves within
a domain Q C R? structured as

k
Q =00\ J%
=1

where €y C R3 Lipschitz domain, and the sets Q,...,Q; C R? fulfill
EQQOa ’i:l,...,k,
QNQ =0, i,j=1,...,k with i #j
All physical processes under consideration take place within 2y, which therefore
represents the region enclosing the entire field—cable system. This region will be
referred to as the computational domain. No boundedness of 2 is required, and in
particular, choosing o = R3 is admissible. The subdomains Q1, ..., Qs denote the

spatial regions occupied by the individual cables, as illustrated in Figure la. Each
of them is assumed to have a tubular geometry, as will be specified below.

1_\i,end

y a;(n)
Qg (7]) + [))i,n
Qo
Fi,lat
Fi,end
(A) Spatial domain with cables (B) Cable parameterization

FIGURE 1. Cable geometry

The cables are allowed to be bent, and we assume that each cable has a circle-
shaped cross-sectional area of constant radius. Denote the radius of this cross-
sectional area of the ith cable by r;, and let I; be its length. The center curve (i.e.,
the curve whose trace is consisting of the centers of the cross-sectional circles) is
denoted by a;: [0,1] — R3, see Figure 1b. We assume the center curve to be twice
continuously differentiable with constant infinitesimal arc length [;, and curvature
is bounded by .-, i.e.,

12
lei(m)ll = i and [la”(n)|] < °= forall 7 € 0,1].
It has been shown in [CGRS25, Lem. C.1] that there exist 1, ki2 € C1([0, 1], R?),
such that, for all € [0, 1], (%o/(n), ki1(n), kiz(n)) is a positively oriented orthonor-
mal basis of R? (that is, it forms a rotation matrix for all n € [0, 1]).
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The shape of the ith cable shape is now expressed by
Qi = {al(n) + 5ﬁm(9) | (677770) € [07 1}2 X (—717 7-[]}’
with B (0) = r; (ki1 (n) sin(8) + ki2(n) cos(6)).

and its boundary is consisting of the disjoint union 0€Q; = I'; jat U I'; ena, where
I'j ena is the union of cross-sectional areas at the two ends of the ith cable and I'; ja¢
is the lateral surface of the ith cable. That is, for 3;,(6) as above,

1_\i,end = {041(77) =+ 5517](9) | (5777a 9) € {07 1} X [07 1) X (_7-(7 7'[}}7
Fi,lat = {%(77) + 6@77(0) | (777 0) € (07 1) X (77-[7 7-(]}
The lateral boundary I'; 1a¢ of the ith cable is now parameterised by

@, : { [0, 1] x (=m7] = R,
i (m,0) = ai(n) + Bin(0) (1)

with B, (6) = 7 (ki1 (n) sin(8) + ki2(n) cos(6)).

The requirement that the curvature of the cable’s profile curve is strictly limited by

2
r% (e, | ()] < %) ensures that the parametrization (1) of the lateral surface is

essentially injective.

2.2. The transmission lines. The k transmission lines are described by the
telegrapher’s equations, extended by external current inputs and electric field outputs.
The internal variables of the model are the C¥-valued functions

v: magnetic flux,

q: electric charge,
where each component corresponds to the flux (respectively, the charge) associated
with one of the transmission lines. Both quantities depend on time ¢ and on the
spatial coordinate 7 € [0,1]. The system is driven by an external current input Loyt :
R>o x [0,1] — C*, and the corresponding external electric field intensity Fey :
R x [0,1] — CF is taken as the output. These quantities, Ioy; and Eey, will later
serve as coupling variables between the transmission lines and the electromagnetic
field. The transmission line model is

d () _|[-Rm) —5
dt \ q(t,n) ~5 —G)

Eo(t,n) = { 0 (% } (L(n)—lwéz,

L(n)~'y(t,
(t

0
o ‘| Iext (t7 77)?
(2)

where the mappings C, G, L, R: [0,1] — Ck** denote, respectively, the transverse
capacitance and conductance matrices, and the longitudinal inductance and resis-
tance matrices. For any ¢ > 0, the voltage and total current along the transmission
lines are represented by the functions V', Iio: R>o % [0, 1] — CF, defined as

Vi(t,n) =Cm)alt,n),  Let(t,n) = L(n)~"p(t,n) + Lexi(t,n). (3)
Our assumptions concerning the parameters align with those presented in [JZ12].

Assumption 2.1 (Transmission lines - parameters). k¥ € N, C, L, R, G €
L>°([0,1]; C**k) with C~1, L=t € L>([0, 1]; C**F) and

C(n) >0, Ln)>0, Rn)+R(n)*">0, G(n)+G(n)* >0 forae nel0,1].

The system is provided with an initial condition q(0,n) = go(n), ¥(0,1) = 1o(n)
for some given qg, o : [0,1] — C*¥. We further impose boundary conditions for the
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voltage and current along the transmission line, as given in (3). For some m < 2k,
with W inp € C™*4k and Wgo € (C(Qk*m)x‘”“7 these are given by

V(t,0) V(t,0)
w) =W |y [ 0=Wao| S0 (4)
—I(t,1) —I(t,1)

where u: R>g — C™ represents the input of the system. The negative sign in the
current at 7 = 1 reflects that, unlike at 7 = 0, the directions of current and voltage
are opposite.

Assumption 2.2 (Transmission line - input configuration). The matrix Wg =
(W5 inp» Whol" € C%kx4k has full row rank, and

[ 0 idgp
B

Ay }WBEO. (5)

Physical interpretations of the above assumption are discussed in [CGRS25], for
example in the context of parallel or serial interconnections with ohmic resistors.
Our system is moreover equipped with an CP-valued output y of the form

V(t,0)

y(t) - WC,out ‘1/"((?7(?[)) 5 (6)

for some We oue € CP*4™. A special role is played by so-called co-located outputs.
Definition 2.3. Assume that Wginp, € Crmxak Wgo € C@h—m)xdk < 9f.

Wp = [Wginp Whol* € C*4™ fulfill Assumption 2.2. Then an output (6) is
called co-located to u as in (3), (4), if Weour € C™*** has the form

WC,out = [ldrru Om><(2k7m)] WC (7)
for some We € C?**4k with the property that W}y, W] € CH*4k with
idag * idag
[ e ] = W [, e [ e <. (8)

The existence of co-located outputs is established in [CGRS25, Prop. 2.7], where a
subsequent discussion also provides their physical interpretation. It is further shown
there that such outputs give rise to a system satisfying an energy balance, where
the inner product of the input and output corresponds to the power supplied to the
system. Our transmission line model can now be viewed from a systems-theoretic
perspective as a system featuring two classes of inputs and outputs: the external
input together with the distributed current along the cable, and the external output
accompanied by the corresponding distributed voltages.

2.3. The electromagnetic field. For the domain 2 C R? introduced in Section 2.1,
the evolution of the electromagnetic field in the linear case is governed by Maxwell’s

equations
9 (B(t,o) _ [ 0 rot] (u(f)lB(t, 5)) )
ot \D(t,€)) — [rot  —a(§)] \e(&) 7' D(t,€)

for the C3-valued physical quantities

B: magnetic flux density,
D: electric flux density.



6 T. REIS AND N. SKREPEK

Here, p: Q — C3*3 denotes the magnetic permeability, €:  — C3*3 the electric
permittivity, and o : Q — C3*3 the electric conductivity. The quantities

H(taf) = N(f)_lB(t?£)7 E(taf) = e(f)_lD(t,f)

are referred to as the magnetic and electric field intensities, respectively. Typically,
Maxwell’s equations are complemented by the constraints

divB(t,£) =0,  divD(t,€) = p(t,€),

where p(t,-): Q@ — C is a scalar field representing the charge density at time ¢. Since
divrot = 0, these divergence relations are preserved in time and can therefore be
imposed through the initial conditions; consequently, they will be omitted.

Our assumptions on the corresponding parameters are as follows.

Assumption 2.4 (Maxwell’s equations - parameters). We assume that €, u, o €
Loo(Q; C3*3) with e, p=! € L>°(Q; C**3) and

€) >0, u(§) >0, o(&)+0o(§)" >0 for almost all £ € Q.

The system is provided with an initial condition B(0) = By, D(0) = D, for some
given By, Dy: Q — C3. To ensure a physically complete description, it is necessary
to define appropriate boundary conditions.

The geometry of the domain 2 implies that its boundary 0f2 is the disjoint union
of the sub-boundaries 09, 01, ...,0Q,. Each cable domain ; has a boundary
composed of its lateral surface I'; 15¢ and its two end surfaces I'; eng, 1 = 1,..., k.
Consequently,

k k
Nl = 890 o) Fend O] Flata Fend = U 1_\i,end7 1_\lat = U Fz',lat-
=1 =1

We next specify boundary conditions on 9€g, I'enq, and I'1,e. To this end, let
v(€) € R? denote the outward unit normal, which exists for almost every & € 99
(since Q is a Lipschitz domain). Hence, v € L°°(9€); C?). For almost every & € 91,
we define the orthogonal projection on the tangent space, which reads

7 (€): C* — C3, w— V(&) x w) x v(§).

2.3.1. Boundary conditions at the computational domain. In the following analysis,
we impose the boundary condition

71'7(-)(6(-)_1D(t7 -))|mo =0, t>0, (10)

which corresponds to perfect electrical insulation outside €y. Alternatively, super-
conductivity in the exterior region can be modeled by

V() X (p’(')ilB(ta )) |390 =0, t >0,

or by employing the Leontovich boundary conditions [Leod4], which relate the
tangential components of the electric and magnetic fields. An analogous analysis
could be carried out for these cases, but this is not pursued here.

2.3.2. Boundary conditions at the cover surfaces of the cable. We assume that the
electric field is polarized normally to the cable end surfaces, which leads to

mr(-)(e() ' D(t,))

=0, t>0. (11)

Tena
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2.4. Coupling - transmission line and lateral cable surfaces. The lateral
cable surfaces serve as the coupling interface between the external electromagnetic
field, governed by Maxwell’s equations (9), and the transmission line, described by
the telegrapher’s equations (2).

The coupling between the transmission-line current and the magnetic field intensity
follows from Ampére’s law, relating the line integral of the magnetic field along a
closed contour encircling the conductor to the enclosed current. For i = 1,... k,

Vn e [071] : % u(ﬁ)_lB(t@) -ds(f) = _IiyeXt(tn)ﬂ
ai(n)+Bip T~
=H(t,£)
where I; ext is the ith component of Iey (¢, 7). Now using that the above integral only
incorporated the tangential component of the magnetic field, we see that Ampére’s
law is equivalent to, for i =1,...,k,

e (O (wETB.6)) x 1O ds() = L) (12)

The coupling between the external voltage variable E.y; of the transmission line
and the electric field on the cable surface relies on the polarization assumptions that
the electric field is tangentially aligned with the cable axis so that its line integral
along a longitudinal path equals the voltage drop along the line, and that it vanishes
in the perpendicular direction. According to the results in [CGRS25, Sec. 4], this
leads, for i =1,...,k, to

7TT(¢i (777 9)) G(CI)Z' (’% 9))_1D(t7 (bz (777 9)) = V(I)z (777 G)T (Ei’ex(t](t’ 77)) : (13)
=E(t,%:(n,0))

3. ANALYSIS OF THE COUPLING CONDITIONS

The coupling relations (12) and (13) between the tangential traces of the electro-
magnetic fields and the external quantities I.y; and FEex; can be expressed by the
operators Pp,e and P via

Loxe(t,) = Puag(v(1) x u(-) ' B(t,+)),  Bexs(t,+) = Pa(m;(-)e(-) "' D(t,)). (14)
In this section, we provide the functional-analytic framework required for a rigorous
treatment of these coupling conditions. We first introduce the boundary trace
spaces for the electric and magnetic fields on the cable surfaces and then analyze
the operators Ppae and P, clarifying their mutual relation.

3.1. Tangential boundary trace spaces. As mentioned in Section 2.1, the spatial
domain where the electromagnetic field evolves is represented as Q = g \ Ule Q,
and the boundary is divided into 02 = 'y U T}, where I'y = Topg W Dexy with
k k
Dat = U Fi,lat7 Fena = U Fi,endy Fext = 8907
i=1 i=1
i.e., I'la¢ is the union of the lateral surfaces of the cables, I'enq is the union of the
end faces of the cables, I'ey; is the exterior boundary of the computational domain
and T'; is the rest of boundary from the perspective of I'j,, see Figure 1la. Motivated
by the zero tangential boundary conditions for the electric field on I';, we introduce
the space of smooth functions with compact support not intersecting with I',.; i.e.,

Cl?f(Q) ={feC>Q) ‘suppf C Q compact with T, Nsupp f = 0}.

Hence, f € CI‘ZO(Q) is always zero on I'y, but can be non-zero on 92 \ T';, and let
(05 Q) = C 50(2). As for the other function spaces in this work, we append “; C™”
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to denote the space of C™-valued functions being component-wise within these
spaces. Also recall the Sobolev space for the distributional rot-operator, namely

H(rot, Q) = {E € L*(;C?) |rot E € L?(Q;C%)},
which is endowed with the inner product
<E, H>H(rot,Q) = (E, H>L2(Q;(C3) + <I‘Ot E rot H>L2(Q;(C3)-

We define a subspace of H(rot, Q) that has homogeneous boundary conditions on T';
by the closure of C°(£2) with respect to the norm in H(rot, (2), i.e.,

. ———H(rot,Q)
Hr, (rot, Q) := C(Q;C3)

Motivated by the boundary conditions discussed in Section 2.3 for Maxwell’s equa-
tions, we consider two specific types of boundary trace operators, namely

f C2(Q;C%) — L2054 C3), f C(O;C) — L2(054C3),
e E — (vx(E|,)) xv, b H = vx(Hly),

where v € L>°(09Q; C3) pointwisely refers to the outward normal vector on 9Q. To
properly define the boundary spaces, one would need to introduce several technical
concepts that could make the presentation less accessible. To keep the exposition
concise, we therefore adopt a simplified approach. The downside is that certain
structural aspects of the coupling are not immediately apparent in its operator-
theoretic representation, since its domain cannot be characterized explicitly without
introducing these additional spaces. The integration by parts formula for the rot
operator [GR86, Thm. 2.11] gives for all E € é%f(Q;(C%, H e C>=(0;C3?),

(rot E, H)12(q,c3) — (E,rot H)12(0,c3) = (7 B, 7 H)L2(1y,,:09) (15)

Now it is possible to extend this integration by parts formula for E, H € H(rot, )
with suitable boundary spaces. However, the left-hand-side of (15) is well defined
for E € Hr,(rot,Q) and H € H(rot, ). Hence, we extend the right-hand-side
(v+E,n-H)p2(r,,;c3) just by the left-hand-side of (15) and denote it as

<’y.,-E,7T.,-H>VT><7VT = (rot E3H>L2(Q;(C3) — (E,rot H>L2(Q;C3)-

We will regard the left-hand-side of the previous equation just as symbol, although it
possible to define spaces V, and V., and extensions of 7, and ~, to H(rot, Q) such

that this is really a dual pairing, see e.g., [BCS02] or [Skr21b| for a more general
approach. We further define (7, H,v; E),, \,x = (v;E,m,H),,x ,, , which gives

(r-H, 77E>VT,VTX = (H,rot E>L2(Q;(C3) — (rot H, E>L2(Q;C3)~

Definition 3.1. Suppose that the spatial domains are as in Section 2.1. Let
f € L2 (T1at; C3) and E € Hr, (rot, ). We say m, E = f on D'y, if

(mr B,y H)y, yx = (f,7H)12r,,) forall H e C>(Q;C%),
i.e., f is the weak L? representative of . E.

A concise overview of these boundary spaces is provided in the appendix of [SW24].
Since their detailed structure is not required in the present work, it is not discussed
here in detail.
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3.2. The port operators. Next we provide a rigorous functional-analytic treatment
of the port operators Ppag and Fej, which were previously introduced in Section 2.4
at a formal level. Namely, for the parameterization ®; of the lateral boundary I'; 1
of the ith cable (see (1)), we denote the inverse by ¥;. That is,

\If{ Fi,lat — [0,1])((—7'[,7'(], \I/ . { 1_‘i,lat — 071}7
L @, 0) —  (n.0), T e(m,0) = .

We introduce the operators

L2(Fi,lat;CS) — L2((0’ 1)7((:)1

P mag: g = n»—)%gxwds),
ai(m)+Bin
L2((0,15,C) - T?(TipiC),

Fa: f o (V00 (f OO‘I’“).

The coupling conditions (12) and (13) can now be reformulated to (14) via

LT €% 5 L2((0,1):CY),
Pl,mag g‘Fl,lat
. . . | (16)
P]g,m&g( g‘l—‘k,lat )
L2((0,1);C*) — L2(Ijay; C),
fi
N | . (17)
. = g with g T, 1at = Pj,elfi Vi= 1,..., k.
Ik

A key property for our subsequent analysis is that these two operators are adjoint
to each other, a fact that was established in [CGRS25] in the context of deriving an
energy balance.

Proposition 3.2 ([CGRS25, Prop. 4.2]). The operators in (16) and (17) fulfill
e*l = Pmag-

A schematic representation of the overall coupling structure is given in Figure 2.

Y

_ > | Transmission | 7 ,

line
I ext Eext

_P(;kl Py

vx H . FE
Maxwell’s

equations

FiGURE 2. Coupled ports
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3.3. Lifting of a L2(0,1) function to H(rot, ). Note that the coupling operator
P, maps into L2(T'4;), and we aim to impose the coupling condition P Eey = 7, E.
However, the tangential trace operator 7, maps to a space which is neither a subset
nor a superset of L2(T',;), see [BCS02]. Hence, one must ensure that the coupling
condition is well-defined, that is, for a given output Fey of the transmission line,
there exists a field E € H(rot, Q) satisfying Pg Eext = 7, E.

Note that the output Ee = 0, (C1q) = 0,V employs the derivative of a part
of the state of the transmission lines. Furthermore, P, E.y; can be viewed as the
result of applying the chain rule, representing the tangential derivative (or gradient)
of V o W. This observation suggests that Py FEey provides a natural candidate for
extension from the boundary I'y,; into the domain €.

Note that we can extend the paths «; in both direction by an € > 0 to a path
&; € C%((—€,1 +¢)). This allows us to extend ®; to a C? diffeomorphism (onto its
image) by

(i), . { (_67 1+ 6) X (_T[a T[) X (_67 6) — Rga (18)
v (773 05 S) = dl(n) + (1 + S)ﬂin(o)v
for € > 0 sufficiently small. We will denote the inverse of ®; by
U;: ran®; — (—e, 14 €) X (—m,7) X (—¢, €).
Clearly ¥; = ¥, on [ 1at. Hence,! (by the chain rule (Vi)i)_l ol; = Vlill)
Py Eex = PiadyV = (V)T (8%V) o
. MV ) (19)
B (V(I)i)_l 8 ° \I,i L lat - V(V © Wl) Lijat”

Note that V(V o \ilz) has vanishing rot as a gradient field. So in order to extend
it from ran ®; we multiply it by a cut-off function x; € C*(ran <i>z) that is 1 on
Tijat- Then we can extend x;V(V o \ill) by zero outside of ran Ci% and obtain
xiV(V o ¥;) € H(rot, ) by the product rule for rot.
Lemma 3.3. The mapping
H'((0,1)) — H(rot,Q),
Py _ [(0,V) 0¥
" V - Xiv‘l/i 0
0
s bounded and satisfies f’i,elV Ly = Pi’el(anV). In particular, ﬁ’i’elV € H(rot, Q)
such that WTPi’elV =P, (677‘/)-

Proof. The equality ]52-’61V’ Dy = P; 10,V follows from (19) and the boundedness
from ’
1XiV(V 0 ) [firor.0) = X V(V 0 W) [F2 () + IVXi X V(V 0 0))|[72 0
< (Ihallze + IVXlEIIVV 0 U)IE2 ana
< Cilllxallze + VX2V 210, VIE2 0.1y
< CilllxillZ + IV XNVl 2V 1 0,1y
where C; is a suitable constant that corresponds to the cylindrical coordinates

imposed by ®; a

1n order to simplify notation we say V(n,6,s) := V(1) to make compositions work.
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4. ANALYSIS OF THE COUPLED SYSTEM

4.1. Formulation as an infinite-dimensional system. For our coupled system
we regard the state x(t) and effort e(t), which are given by

I(t,-) L™t 0 0 0 P(t,+)
_|HEG) [ _| 0 ()t o 0 B(t,)
“O=1viyl|=1] o NO Ot o g | o
E(t,-) 0 0 0 e(-)7t| \D(t,-)
=H =z(t)
and evolve in the state space
L2((0,1);C)
2(0). (3
X = LZ’L((((),ifc)k) (20b)
L*(9;C?)

endowed with the canonical inner product. Then, by using Assumption 2.1 and
Assumption 2.4, ‘H defines a bounded and bijective operator on X via pointwise
multiplication, and a bounded damping operator

R6) 0 0 0
o 0 0 0
K=o 0 @ o (20c)
0o 0 0 o0

In order to give a vague understanding of our goals we are a little bit imprecise in
the following few lines. Our coupled system is defined by the differential operator
(specifically, its operator closure)

[0 0 & 0
3= 0 0 0 —rot
& anPir 0 0 |’
L O rot 0 0
I H'((0,1);C*)
- H C>(Q; C3
domJ = \%4 € Hl((o( 1)(C)k) B = Pel%V on I'jae
E Hr, (rot, Q)

X

through the (misleadingly appearing as autonomous) differential equation
T =(J—R)Hz.

Note that the boundary condition WTE}F = 0 (which comprises (10) and (11)) is

encoded in E € C%‘: (2;C3). The operator closure does not alter this tangential
boundary condition, since the tangential trace is continuous w.r.t. [|*|f(rot,0)-

Let two efforts ¢ = (I', H, V', E"), i = 1,2, be given (we use row-vector
notation for layout reasons). Using (3), the corresponding total currents are defined
as Il = I' — P4H'. Our next objective is to show that a boundary triple
(see Definition A.2) can be associated with the operator J. In particular, for

el,e? € dom J, partitioned and denoted as in (20a), we aim to establish the abstract



12 T. REIS AND N. SKREPEK

Green identity
(Je', e x + (', Je?)x
(VD). I (1) ex + (VH0), I, (0)) e
= (it (1), VE(1)) e + (Iio(0), VZ(0))ce

- <(C§?i>) ’ GE%»C ’ <GE(3> ’ (VVZ(?;)) ><c

4.2. Boundary triples and the semigroup property. In order to properly
define boundary conditions that admit existence and uniqueness of solutions we
analyze the blocks of the operator J. We define

-4 dp, _d 0 L2((O 1); Ck)
= | dn dp ellT = | dn X, =
2 {0 rot ]’%2 [o —rot}’ ! { L*(Q;C 3)L’

R (GRKCEIAE

_ (v 2 JHN(0,1);€8)
dom 2 = {(E) < |y e ) .
By invoking that X = &} x A&7, the differential operator J can now be written as

J= [9?1 %2] . (21b)

We obviously have that domJ = dom®; x dom®,. Moreover, we introduce the
following operators that will form our minimal operator

_d d px . _d
Qll{ 6“’ d"Pel%} and ng[ an Y } (22a)

. E = Peldinv on Flat} c X,

rot 0 —rot

with domains

o= 3) [R5 ]

I—-Piv.He IiIl((O,l);Ck)}

. (22b)
° |4 H'((0,1);C*)
= o T . FE =P
om e {(E> < i ot waV (-
Note that by definition we have
—A; CA; and  —Ay C Ay, (23)

Lemma 4.1. Suppose that the spatial domains are as in Section 2.1. Then the
operators Qll, ng, A1 and Az as in (21a) and (22) are densely defined.

Proof. Tt is enough to show that 211 and ng are densely defined as their domains
are subsets of dom(2;) and dom(%A;), respectively. Moreover, dom®; contains
C*°((0,1); CF) x C=(Q;C?) and is therefore dense in L2((0,1); CF) x L2(Q;C?).
Hence, it is left to show that dom 2, is dense in L2((0,1); CF) x L2(Q; C3).

Let (%) € L((0,1); CF) x L?(€2; C?). Then there exists a sequence (V,)nen in
C*°((0,1)) that converges to V w.r.t. I*[lL2¢(0,1))- We use the mapping P, from
Lemma 3.3 to lift V,, on H(rot, ). Multiplying this by a sequence (xXn)nen of €
cut-off functions that are 1 on I',; and satisfy ||xn||pz < nm we define

Efrll = XnPeana
which satisfies the boundary condition WTE}L = P,V,, and
1B IL2@) < [xnllLz @18y Valloo — 0.
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For the given E there exists a sequence (E2),cy in C>(€2) that converges to E
w.r.t. [|||L2(q). Hence, we define

E, =E! + E2.
This makes sure that ()E/Z) € dom2l; and (1‘5/2) —(¥). a
Lemma 4.2. Suppose that the spatial domains are as in Section 2.1. Then the
operators as in (21a) and (22) fulfill

A=Ay and A = —As.

Proof. We first show 21F = —20,. For (%) € dom 2A; we have (by definition of the
adjoint)

(0. (8) = ((B) () forall (f)edom.  (20)
Hence, we can calculate the action of Q[’{ by testing component-wise.
e For every I € C>((0,1); C¥) we have (%) € dom 2; and
S S (24)
(m3p(¥).1) = (H(5).(5) B(v.—L1

1 1

, 25
>L2((071);C’“) (25)
where 7 is the projection on the first component (the L2((0, 1); C¥) component).

Hence, I € H'((0,1); C*) and m A5 (%) = dinV.

e For every H € C>(;C?) we have %) e dom2(; and

(
(mai(5), H) = (%(%).(8))

1

(24)
+ = <E,I‘Ot H>L2(Q;C3)’ (26)

where 75 is the projection on the second component (the L?(2; C?) component).
Hence, E € H(rot, Q) and m25( %) = rot E.
We conclude

(VN _ (aVY_[a 0] (V 14 5
A7 (E)_<rotE)_{0 ot B for E € dom 7.

Now use the notation from (15) for the trace operators. By the boundary
conditions of %y we have for ( £) € dom2; and (%) € dom2A;

(Brah)), = () (s

— d d *
= <d77V’I>L2((0,1);(Ck) - <@V’P9177H>L2((071);C’“)
+ <r0t E7H>L2(Q;(C3) + <7TTE,’}/-,—H>VT’V72<

= <Qq(‘1§)’ (I{I)>X1 - {<P61(%]V7’77H>L2(F1m) - <7TTE”77H>VT,V7>-< ’

which implies (7. E, v, H),, ,x = (Peld%]V,’yTth(Fm) for all H € C>=(Q;C?).
Therefore, 7, E = Peld%]V and (%) € dom®s and in turn éq C —25. On the other
hand it is straightforward too show —2y C A7, which proves ] = —2(s.

In order to show A = —2, we regard (%) € dom 2} and the equation

(2(5) (&), =((B) (), forall (#)edoma.

1
We can repeat the arguments (25) and (26) of the first part of the proof to con-
clude V € H!((0,1);C¥) and E € H(rot,{). Moreover, since we can choose
I € H'((0,1);C*) in (25) we even obtain V € H'((0,1);C*). Similarly, choosing
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H ¢ CFl (©;C?) implies E € Hp, (rot, Q). Again repeating the remaining steps of
the first part of the proof yields 2% = —2s. Q

Corollary 4.3. Suppose that the spatial domains are as in Section 2.1. Then the
operators as in (21a) and (22) fulfill

(i) Ay and Ay are closed,
(if) Ay and Ay are closable,
(iil) the closures of Ay and 2y fulfill

Qole—Ql; and A = —As.

Proof. By Lemma 4.2 2y = —‘511* and Ay = —2;, which immediately implies the
closedness of these operators. Since 2, and 2As are densely defined, we conclude
that A5 and A3 are well-defined and closed operators. Hence,

Ay = A = A and ;= A* = 9
implies that ‘511 and 2(; are closable. a

Lemma 4.4. Suppose that the spatial domains are as in Section 2.1, and let Ay,
s be as in (21a). Then, for all (%) € dom®2Ay and ( ) € dom®2y, it holds that

() (ar)), () (), = () (R0)
where Iioy = I — Py H.
Proof. Let (%) € dom®2s and (%) € dom®2;. Then

Ll () (), + ()L 2] (&),

= (- ng I 0,1):c0) +(V, = (I Poy-H))Lz2((0,1):ck)
+ (—rot E, H>L2(Q;(C3) + <E,1"Ot H>L2(Q;(C3)

:<7T1—E-,’YTH>VTYV1>_<

Note that (m.E, v H),, ,x = < V., Piv-H)12((0,1),cry by the boundary condition

of 2A5. Hence, we further have
_/_d
= (-3 Vol — P177H>L2((0,1);Ck)+<v’ (I PI’VTH)>L2((0,1);C’€)

integration by parts formula for % finally yields

=~ (V) Toe W) = (V(0) B )ce) = (50 ) (320)) ) e
which finishes the proof. a

Definition 4.5. Suppose that the spatial domains are as in Section 2.1, and let
Qll, s be defined as in (21a). The boundary mappings By: domA; — (CQk nd
%2 dom Ay — C?* are specified by

o () = (1) == (5) - (V)
where Lot == I — P}y H.
By Lemma 4.4 we have the abstract integration by parts formula
(Aowa, m1)x + (T2, WT1) a0 = (Bowz, B1a1)con,
where 21 = (%) € dom®2, and 22 = (/) € dom2s.
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Lemma 4.6. Under the preconditions in Definition 4.5, B, and Bs are surjective.

Proof. For given (¢) € C?* we find a linear function I: [0,1] — C* such that
I(0) = a and I(1) = b. Since I is a linear interpolation, we automatically have
I € H'((0,1); C*F). We set H := 0, which gives ( /) € dom®; and

B I\ [I(0)—Piv.0\ [a
"\H) \I1(1)-Piv.0) \b)"
Again by linear interpolation we can find a V': [0,1] — C¥ such that V(0) = ¢ and
—V (1) = d for given (§) € C?*. Then we set E := P,V so that (%) € dom®; and

% VN _ [ V(0)) (¢
2\E)  \—v@))  \d)’
which proves the assertion. a

Theorem 4.7. Under the preconditions in Definition 4.5, ||| .., 5, with

O =G | ) = (i) (R) come)

is a norm on C2k. In particular %1: dom 2y — C?* 4s continuous, where dom 2y
is equipped with the graph norm of Ay .2

dom(2ly)

Note that also B5: dom s — C2* is continuous, but we do not use this fact as
2 is already closed.

Proof. The property [[A(§)]l,ans, = [AM(5)l;anss, i obvious and also the triangle
inequality can be shown by applying the infimum on both sides of the triangle
inequality for ||+||la,. These are well-known techniques, e.g., for factor spaces. The
only tricky step is showing that [|(§)l],,, s, =0 implies (§) = 0.

Hence, let () € C?* be such that ||( )l ian s, = 0. Then there exists a sequence
((Ig"n))neN in dom®; such that (If{;) — 0 w.r.t. ||-]]a, and (222:8) = ()

for all n € N. Since also B, is surjective, there exists (¥) € dom®As such that
(%)= (_‘3%). Therefore,

OO () G,
~((2) (), () (), =

which implies (§) = 0.
Since we have shown that ||-|

is a norm on C?* we know that it is equivalent

ran‘%l
to the standard norm on C2*. By construction B is continuous w.r.t. [/l an 5, and
therefore also w.r.t. the standard norm on C2*. a

Since %1 : dom2; — C2?* is continuous we can continuously extend %1 to dom Ay,
where 2, is the operator closure of 2;. We will denote the extension of 9B, still by
B1. We immediately get the following corollary from Lemma 4.4.

2C2k can be equipped with any norm as all of them are equivalent.



16 T. REIS AND N. SKREPEK

Corollary 4.8. Suppose that the spatialAdomAains are as in Section 2.1. Further, let
A1, Ao be defined as in (21a), and let By, By be as in Definition 4.5. Then, for
(%) € dom®; and (%) € dom2Ay we have

(@(%): (E ), + (5D T E D), = (B %) Bal ),

() ()
- 7V(1) ’ Itot(l) (Czk.
Note that this abstract integration by parts formula gives rise to an abstract

Green identity for the corresponding block operator J = {Q% Qg" } . In particular, we
obtain a boundary triple for J.

Theorem 4.9. Suppose that the spatial domains are as in Section 2.1. Further, let
X and J be defined as in (20b) and (21). Further, let By, Bo be as in Definition 4.5.
For ¢! = (I')H, V' E%) € domJ, i = 1,2, we have

50 030 = (85 8 () () )
= () (0t ) e+ () (550)
Proof. By applying Corollary 4.8 twice we obtain
B e = ()6 ), (0 (83)),
= (0 (5) (), + ((B) 2(3),,
Fa() (8)), () B (E)),
= (B2 ) Ba(5) ) o+ () 31 (1)) o

which proves the assertion. a

Corresponding to ‘31 and %2 we deﬁng the operators on dom J by projections.
In particular for e = (I, H,V,E) € domJ we define

I .
Bie = %I(I‘}{> =Bil) = (ﬁzzgg)7

z ) (27)
%26 = %2(%) = %2(%) = (7‘(,((8))
This allows us to write the abstract Green identity from Theorem 4.9 just as
(Jer,e2)x + (e1,Jea)x = (Brer, Baea)can + (Baer, Biea)ean (28)

Corollary 4.10. Suppose that the spatial domains are as in Section 2.1. Further,
let X and J be defined as in (20b) and (21), and let B1, By be as in (27). Then
(C%F B1,B5) is a boundary triple (see Definition A.2) for J, i.e., the following
properties are fulfilled.

(i) -3 ¢3,

(i) The abstract Green identity (28) is satisfied for all ey, es € domJ and

(iii) [g;] : dom3J — {g:} 18 surjective and bounded.
X

Proof. We prove these three statements in the given order.
(i) Note that J = [2(()1 %21 and therefore J = [Q%Qg“] Hence, by (23) and
Lemma 4.2 follows

= ax 70 A1* _JO AT [ 0 Ay [o2]_ =
3 =3=a 7] *[m;o}*{,ﬁfo}g {QLTO}* -
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(ii) The abstract Green identity follows from the definition of B; and B3, and

Theorem 4.9
(iii) Surjectivity follows from Lemma 4.6. Boundedness is a consequence of [Skr21a,
Lem. 2.4.7]. a

In the following theorem we will parameterize boundary conditions for our coupled
systems that are more or less the boundary conditions for the telegraphers equations
in port-Hamiltonian modeling (in the sense of [JZ12]) alone. This means that
the allegedly more difficult Maxwell system does not have a big impact for the
parametrization of the boundary conditions, which is surprising.

Theorem 4.11. Suppose that Assumption 2.2 is satisfied, and the spatial domains
are as in Section 2.1. Further, let X and J be defined as in (20b) and (21), and let
B, By be as in (27). Further, assume that Wy € C?***4 has the property as in
Assumption 2.2. Then the operator defined by

= 0 Ay
Ae = Je = [Qh 0 (29a)
with domain
= %16
dom2 =<eecdomJ|Wg =0 (29b)
%26

is mazximally dissipative.

Proof. Partitioning Wg = [Wl WQ] with Wy, Wy € C%*2F | we can equivalently
write the boundary condition in dom %2l as

|:%1I

%2x:| € ker [Wl WQ]

As Wy, W5y satisfy the conditions of Lemma A.4 we have that ker [Wl Wg] =
ker Wg is a maximally dissipative linear relation. Now using that, by Corollary 4.10,
((C%, B1,B5) is a boundary triple for J, the result follows from Theorem A.3. QO

The requirement for boundedness and positivity on C, L, € and u, as stated in
Assumption 2.1 and 2.4, implies that the operator H: X — X, as defined in (20a),
is strictly positive and bounded. Consequently, we define

P1 P2 Py P2
(&) (B, -G, =
D, Do H D, Ds X

which is an equivalent inner product on X. We denote X endowed with (-, -)3; as
Xy, i.e., the only difference between X' and Xy is the choice of the inner product,
but the topology is the same. The corresponding norm ||+l = /{(-, )% is also
called the energy norm.

Theorem 4.12. Suppose that Assumption 2.1, 2.2 and 2. are satisfied, and the
spatial domains are as in Section 2.1. Further, let the operators and spaces J, R,
H and X be defined as in (20) and (21), and let By, Bo be as in (27). Then the
operator F' defined by the restriction of J — R to

%16 _
o (i) =)

1s maximally dissipative. Further, the following holds:

dom F = {e e domJ

(a) FH generates a strongly continuous semigroup on X. This semigroup is
contractive with respect to the norm ||+||% as in (30).
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(b) If R =0 and
Wi| b, 5 Wi =0, (31)

idak

then F is skew-adjoint. That is, F* = —F.
(¢) If (31) holds, then F'H generates a strongly continuous group on X. If, further,
R =0, then this group is unitary with respect to the norm ||| as in (30).

Proof. The operator 2 as in (29) maximally dissipative by Theorem 4.11. By using
the R is bounded and dissipative, we can conclude that F' = 2 — R is maximally
dissipative as well.

(a) Maximal dissipativity of F' directly implies that F'H is maximally dissipative
when X is equipped with the norm ||-||. Therefore, the Lumer-Phillips theorem
[TWO09, Prop. 3.8.4] yields that F'H generates a contractive semigroup on X
equipped with [|-||3,. With the assistance of norm equivalence, this semigroup
is also strongly continuous on X when equipped with the standard norm.

(b) Note that the condition (31) on Wp = [w1 Wz] implies that kerWp =
ker[ w1 W2 ] is skew-adjoint. Hence, this property passes on to F'.

(¢) If R = 0 and (31) are satisfied, we can use (b) to deduce that F'H is skew-adjoint
with respect to the norm |[|+||;. Then, by [TW09, Thm. 3.8.6], F'H generates
a unitary group on X equipped with ||+||. Norm equivalence yields that this
group exhibits strong continuity on X equipped with the standard norm.

If R is not necessarily the zero operator, we observe that F'H represents a
bounded perturbation of the generator of a Cy-group on X. Utilizing [TW09,
Thm. 2.11.2], we can assert that FH itself generates a Co-group. a

5. SYSTEM NODE REPRESENTATION AND WELL-POSEDNESS

Here, we further explore the systems-theoretic analysis of the coupled field-cable
system by examining its input-output characteristics. To accomplish this, we unitlize
the system node framework established by STAFFANS in [Sta05]. Assume that X, U,
and ) are Hilbert spaces. Our system is represented in the form

i(t) = A&B (zg;), y(t) = C&D (553), (32)

where A&B: dom(A&B) C X xU — X, C&D: dom(C&D) C X xU — Y are
linear operators with specific properties detailed subsequently. Unlike the finite-
dimensional case, the operators A&B and C&D do not separate into distinct
components corresponding to the state and input. This is primarily motivated by
the application of boundary control for partial differential equations.
The autonomous dynamics (i.e., those with trivial input u = 0) are determined by the
main operator A: dom(A) C X — X with dom(A) :=={x € X|(§) € dom(A&B)}
and Az = A&B (§) for all x € dom(A). Next, we state the essential conditions on
the operators A& B and C&D under which they constitute a system node.

Definition 5.1 (System node). A system node on the triple (X,U,)) of Hilbert
spaces is a linear operator S = [A¢B | with A&B: dom(A&B) C X x U — X,
C&D: dom(C&D) C X x U — Y satisfying the following conditions:

(i) A&B is closed.

(ii) C&D € Ly(dom(A&B),)).
(iii) For all u € U, there exists some x € X with () € dom(S).

)

(iv) The main operator A is the generator of a strongly continuous semigroup
Q[() RZQ — ﬁb(X) on X.

Next, we define our solution concepts for (32).
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Definition 5.2 (Classical/generalized trajectories). Let S = [ A¢5] be a system
node on (X,U,Y), and let T € R+o.
A classical trajectory for (32) on [0,T] is a triple

(z,u,y) € C[0,T); X) x C([0,T);U) x C([0,T]; )

which for all ¢ € [0, T satisfies (32).
A generalized trajectory for (32) on [0,T7] is a limit of classical trajectories for (32)
on [0,7] in the topology of C([0,T]; X) x L2([0, T];U4) x L2([0,T); V).

It is shown in [Sta05, Thm. 4.3.9] that, if o € X and u € W2([0, T];U) with
[4(0)] € dom(A&B)), then there exist unique = € C([0,T]; X') with 2(0) = o and
y € L2([0,77; V), such that (z,u,y) is a classical trajectory for (32).

Well-posed systems are those with the property that the output and state depend
continuously on the initial state and input.

Definition 5.3 (Well-posed systems). Let S = [A¢5] be a system node on
(X,U,Y). The system (32) is called well-posed, if for some (and hence all) ¢ > 0,
there exists some ¢; > 0, such that the classical (and thus also the generalized)
trajectories for (32) on [0, ¢] fulfill

e (@)l + [YllLzqo,0:) < ce(l(0)]lx + llullizqo,au)- (33)

Now we define the system node corresponding to the coupled field-cable system.
To this end, under Assumption 2.1, 2.2 and 2.4, we consider the spatial domains
as specified in Section 2.1. Further, let J, R, H and X as in (20) and (21),
and, additionally 4/ = C™, Y = CP. Let Wgou € CP**k  and assume that
Wpinp € C™¥% Wg, € CEr—m)>x4k " flfill Assumption 2.2. The operators
defining the system node are given by

F&Gid, ] K&L[ ] (34a)
with
I{I U %% v
_ ~ m _ B,inp I1(0)
dom(F&G) = {(}5) €domJ x C (0) - {WBO ] < V(1)>}7 (34b)
u ’ —1I(1)
A I
F&G(V)(fj‘ﬁ)({}’), (34c)
B E
I{I Vv (0)
K&L ( v > = We out < v ) : (34d)
u —I(1)

Theorem 5.4. Suppose that Assumption 2.1, 2.2 and 2./ are satisfied, and the
spatial domain is as depicted in Section 2.1. Then for X as in (20b), and F&G,
K&L as in (34), and H as in (20a), the operator

F&G
s= R %8.] (35)
is a system node on (X,C™ CP). Further, if the output is co-located, then
F&G
M = LK&L] (36)

with domain dom(M) = dom(F&G) is a mazimally dissipative operator. In this
case, all generalized trajectories of the system corresponding to the system node S
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on [0,T] fulfill, for B1, Bo as in (27), for allt € [0,T)

:/ Re(u(r),y(7))cm dTJr/ Re(Hx (), RHa(T))xdr
0 0

+4 [ {3t ([u8, 5] - e [, ] L22)) [g;WT)Lde@

Proof. To show that S is a system node on (X, C™, CP), we successively prove the
four properties in Definition 5.1 in the order (iv), (iii), (i), (ii).

The semigroup property of FH (i.e., property (iv)) is established by Theorem 4.12,
as the main operator of S is precisely the one addressed in that theorem.
Property (iii) is a direct consequence of Corollary 4.10 (iii).

To prove (i), let us assume that (2, u,)nen is a sequence in dom((FH)&G) that
converges to (z,u) € X x C™ (in the X x C™ topology). Additionally, suppose that
(F&G(Hxp, un))nen converges in X to z.

With the definition of F'&G and the boundedness of H and R, we can conclude
that (Hz,,) converges to Hx, and (Jz,,) converges in X to z+RHz. Now, since J is
closed, we can assert that Ha belongs to dom J, with JHz = z + S"Hax. This implies
that z = (J — R)Ha. In particular, (Hz,) converges in the topology of dom J to x.

Partitioning
I, I
Hr, = | |, ’Hmz({}'), (38)
E. E

we can conclude from Corollary 4.10 that
Vi (0) V(0)
=] (08 2 () ) -
—I.(1) —I(1)
The definition of F&G now yields that (Hz,u) € dom(F&G) with
F&G(M) = (- R)Ha = 2.

Hence we have shown that F&G is closed.

Property (ii) holds as, according to Corollary 4.10,(iii), the evaluation at the
boundary of the transmission line represents a bounded operator on dom(J).

To complete the proof of the result, we now assume that the output is co-located,
i.e., (7) holds for some W € C2k*4F with (8). Let (&) € dom(F&G), and partition
e as Hx in (38). Then

Re (Bre, Baeheor = £ ([B2)e, [1, 5] [B2]e) .,
and

Re <u, WC,out [g; ] e>(C’" = Re <( 10L )a We [g; ] e>(c2k
=Re(Wp[31]e.We[R]e)can

= LWl B e [, | [We ) [3e)...

LB Te e [ e | (W21 (32)e) .,
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Using these two identities, we obtain that
Re((2): |kt ] ()
(0[RS ),
= Re (e, F&G(5))  — Re (u, KEL(5)) o
(

= Re (e, Je) —Re(e,Re),, — Re <u, We out [g; ]>

(2:8)Re(%16, Boe)czm — Re (e, Re) y — Re (u, Wc,out[§; ] >ch

= —Re (e, Re) p + Re(Bie, Boe)czm — Re (u, quut[g;]@
= —Re(e,Re)

+ 303 e ([ ] = D2 [ b [ OW2D) (32, <O

<0
This shows that M is dissipative. Maximal dissipativity of M now follows, by
incorporating that S is a system node, from [PSR23, Prop. 3.8]. Furthermore,

Cm

Ccm

by combining the previously derived expression for <( o), [_;‘iﬁ} (¢ )>X . with
«Cm

[PSR23, Thm. 3.11], we can establish that (37) holds. a

Remark 5.5. Systems defined by nodes of the form (35), where # is self-adjoint and
positive and M in (36) is dissipative, are called port-Hamiltonian in [PSR23]. The
framework there is more general, as H need not be bounded or boundedly invertible.

As a last result, we present a sufficient criterion for well-posedness.

Theorem 5.6. Suppose that Assumption 2.1, 2.2, and 2.4 hold, and that the spatial
domains are as in Section 2.1. Further assume the strict inequality

0 id2k *

and let We ouy € CP*** p € N. Then for X as in (20b), and F&G, K&L as in
(34), and H as in (20a), the system corresponding to the node (35) is well-posed.

Proof. It is not a loss of generality to assume that m = 2k, i.e., Wp out = Wp. In
other words, all boundary conditions are actually ones in which the input acts. The
case with the presence of homogeneous boundary conditions can be addressed by
setting the corresponding inputs to zero.

We partition Wg = [Wgy, Waa| with Wgy, Way € C2$%2%_ Then (5) means that

WpiWge + WgaWp, > 0. (39)
Since for any x € ker W3,, it holds that
¥ (Wp1Why + WpaWg)x = 0,
(39) implies that « = 0. This shows that Wps is invertible. Now we define
We = (Wgs O2kx2k)s
and consider the system node

§i= | Ref] (8.,

o 1{1 V((O))
T I(0
K&L<g>—wc< V(1)>.

u

Let ®B; be as in (27). Define the system

(%8) - {%h?idom](igg)’ (40)

with
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with output equation
() = W By Ha(d).

We have
Wel[ 0 idek|[.... 1 [Wer Wga|[ 0 idoy] [W), Wpy
I | *
c | |12k 0 WBZ 0 ldzk 0 WB2 0
_ Wg1 Whpa 0 idoy W]§2 0 _ W31W§2+WBQWE1 idoy
Wgy 0 |lider 0 | |[Wg5 Wgy iday, 0 |
Let

W= W Wiy + Wi Wiy = Wiy (Wi Wy + Wea Wi )Wgs >0,

and define § > 0 as be the minimal eigenvalue of W. Then Theorem 5.4 gives rise
to the energy balance

3(@(t), Ha(t)) x — 5(x(0), Hx(0)) x

_ /0 Re(u(r), §(7))cm dr + /0 Remx(f),me(T»XdT—% /0 ), W) e dr

t
< [ Re(u(r) g(r))en — 81302 dr

0

Now using that
Re(u(r), (7)) em < 55llu(m)18m + S17(7T)]1Zm,

we obtain

3 (t), Ha(t) x — 5(x(0), He(0)) v < s5llullfz0..cr) — 319172 ((0.00cx):
and thus

(@ (t), Ha () a + OllTIIE 20,0700y < (@(0), Ha(0)x + §llullrz(o.0:cr)-

Now using the equivalence of the standard norm in X and the one in (30), we can
immediately conclude that (40) is a well-posed system. That is, there exists some
¢ > 0, such that

()]l + 171l (0.0:c%) < e(l2(0)]lx + llullzo,0:cr))-
Now we show well-posedness of the actual system. It follows directly from construc-
tion that [%} is invertible. Then we have, for almost all ¢ € [0, T7,
—1 -1
— By _ w W, _ w (t)
y(t) = Wc[;B2]HI(T) = WC[VAVE} [W\g}ﬂx(ﬂ = WC{WE} (Z(t))'
Now, by choosing

)

=petz

we obtain
lz@)llx + YllLz0,0:cr) < @)l +AlYlleo.0.cx) + YlullLz(o.:cr
< cmax{1, 7} ([lz(0) ||+ + llullLz(o.0:c%)) +YllwllLz(o.6:cr)-
Consequently, the generalized trajectories fulfill (33) for
¢ = max{1, ¢} max{1,y}(1 + ),
which completes the proof. a
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6. CONCLUSION

We have presented an analysis for radiating cable harnesses, resulting in teleg-
rapher’s and Maxwell’s equations that are coupled through boundary conditions.
An operator and systems theoretic analysis of the entire coupled system has been
conducted using the theories of boundary triplesand system nodes. It has been
shown that the autonomous part is described by a strongly continuous semigroup,
and a sufficient criterion for well-posedness has been provided.
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APPENDIX A. BOUNDARY TRIPLES

We review the most important properties of boundary triples for skew-symmetric
operators for this work. More details can be found in [GG91, Chap. 3] and [BHdAS20],
where boundary triples are regarded for symmetric operators. For skew-symmetric
operators we refer to [Skr2la] (we will use the skew-symmetric version).

A linear relation T from a space X to a space ) is a subspace of X x ). Clearly,
by an identification with its graph, any linear operator is also a linear relation. In
this context, linear relations can be regarded as multi-valued linear operators.

Definition A.1. A linear relation T on a Hilbert space X (from X to X)
e is dissipative, if Re(z,y)x» < 0 for every (y) € T and

e maximally dissipative, if additionally it has no proper dissipative extension.

Definition A.2. Let 2p: dom(2ly) C X — X be a densely defined, skew-symmetric,
and closed operator on a Hilbert space X. By a boundary triple for A§ we mean

a triple (U,B1,B3) counsisting of a Hilbert space U, and two linear operators
B1,B5: domAF — U such that

(i) the mapping (g; ): dom 2§ = U x U,z — (g;i) is surjective, and
(ii) for x,y € dom 2 there holds

RAoz, y) x + (2, A5y) x = (B12, Boy)y + (Bax, B1y)y- (41)

An important result for boundary triples is that maximally dissipative restrictions
of A can be charcaterized by maximally dissipative linear relations © on U. The
following theorem from [Skr2la, Prop. 2.4.10] will clarify that.

Theorem A.3. Let (U,B1,B3) be a boundary triple for AL and © be a mazimally
dissipative linear relation on U. Then g, which is the restriction of A to

dom A = {z € dom A (g;:) €0}

s a mazximally dissipative operator.

Since the systems considered in this article has finite-dimensional input and
output spaces, our attention is directed towards linear relations in the form of
O = ker [Wl Wg}, where W7 and W5 are square matrices. We establish a criterion
for maximal dissipativity of such relations.

Lemma A.4. Let Wy, Wy € C**¢. Then, for W = [Wl Wg] , the relation ker W
is mazimally dissipative, if W has full row rank and WiWy5 + WoW} > 0.

Proof. The relation ran [_Vgg*} is maximally dissipative by [GHR21, Lem. 3.5] and,
1
further, it is, in the sense of [BHdAS20, Def. 1.3.1], the adjoint of ker W. Then we

can conclude from [BHAS20, Prop. 1.6.7] that ker W is maximally dissipative. Q
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