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Quasi Gelfand triples

Nathanael Skrepek

Abstract. We generalize the notion of Gelfand triples (also called Banach-
Gelfand triples or rigged Hilbert spaces) by dropping the necessity of
a continuous embedding. This means in our setting we lack of a chain
inclusion. We replace the continuous embedding by a closed embedding
of a dense subspace. This notion will be called quasi Gelfand triple. These
triples appear naturally, when we regard the boundary spaces of spatially
multidimensional differential operators, e.g., the Maxwell operator. We
will show that there is a smallest space where we can continuously embed
the entire triple. Moreover, we will show density results for intersections
of members of the quasi Gelfand triple. Finally, we show that every quasi
Gelfand triple can be decomposed into two “ordinary” Gelfand triples.
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1. Introduction

Normally, when we talk about Gelfand triples we have a Hilbert space Xp and a
reflexive Banach space X} that can be continuously and densely embedded into Xj.
The third space X_ is given by the completion of Xy with respect to

ol = sup KOSl
rexp\qoy IS llxy

The duality between Xy and X_ is given by
{9, Nx_ap = lim (gx, f)xo,
—00

where (gx)ren is a sequence in X, that converges to g in X_. The space X_ is then
isometrically isomorphic to X’. The theory of Gelfand triples was introduced by
LM. Gelfand and A.G. Kostyuchenko [8]. The concept has been refined over time.
In the introduction of [5] they give a short historical overview of Gelfand triples.

We want to weaken the assumptions such that the norm of X is not necessarily
related to the norm of Xy. Hence, we cannot expect a continuous embedding of X
into Xp. However, we still want to construct the dual X_ in terms of Xjp.
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In [10] this generalized idea appears in Appendix to IX Example 3, but is not
further investigated therein. Moreover, this idea appears in [3, Sec. 2.11] under the
name triplets of spaces. However, they only scratch the surface as the section is
three pages long. In [5] this concept was treated seriously, the authors call it triplets
of closely embedded Hilbert spaces. The motivation were weighted Sobolev and L?
spaces, where the positive weight is neither bounded from above nor from below.
Independently, [13] also developed this generalization of Gelfand triples under the
name quasi Gelfand triples, motivated by boundary spaces of differential operators,
e.g., the Maxwell operator. This led to a characterization of well-posed boundary
conditions for linear (spatially multdimensional) port-Hamiltonian systems. In [6]
the authors compare the notions triplets of spaces and triplets of closely embedded
Hilbert spaces and give conditions when they coincide. However, we will show in
Appendix A that all of these concepts (triplets of spaces, triplets of closely embedded
Hilbert spaces and quasi Gelfand triples) coincide always (no condition needed).

In all previous approaches Xy was a Hilbert space. Here, amongst others, we
lift the setting of [13] to Banach spaces. So the beginning will be relatively similar
to the introduction of quasi Gelfand triples in [13]. This lifting has also be done
in the Ph.D. thesis [12]. However, we go beyond the refinements of [12] and show
that there exists a smallest space where we can structure preservingly embed the
entire quasi Gelfand triple in Section 5. Furthermore, we show a bijective relation
between quasi Gelfand triples and Gram operators in Section 6. This connection
to Gram operators has also been discovered in [5] or it was actually the starting
point of their journey. They call the Gram operator the Hamiltonian of the triple.
However, we take the next step and utilize this connection to the Gram operator to
construct a decomposition of the quasi Gelfand triple into two “ordinary” Gelfand
triples. These two structural observation make quasi Gelfand triples more accessible
in applications. Moreover, they were supposed to solve Conjectures 6.7 and 6.8, but
were not enough.

In [4] the authors construct suitable boundary spaces for the tangential trace
and the twisted tangential trace that correspond to the curl operator. These spaces
naturally form a quasi Gelfand triple with L?(99) as pivot space. However, they
did not pay a lot of attention to this additional structure as they develop their
theory particular for the H(curl, 2) traces (tangential and twisted tangential trace).
Moreover, they also give an explicit decomposition of the quasi Gelfand triple into
two “ordinary” Gelfand triple (without calling it that).

In Section 3 we will bring up the setting of [4] as a motivation for the notion
of quasi Gelfand triple. However, it is also suitable for other pairs of differential
operators, e.g., (symCurl, Curl), (CurlCurl™, CurlCurl"), (symGrad, Div), etc.

There is also a link to the notion of quasi boundary triples, which was introduced
in [2]. The combination of boundary triples and quasi Gelfand triples is not entirely
the same as quasi boundary triples, however both can be used to overcome limitations
of boundary triples alone.

2. Preliminary

Since we will often switch between Hilbert space inner products and dual pairings,
it is more convenient to always regard the anti-dual space instead of the dual space,
which we will do. The anti-dual space is the space of all continuous antilinear
mappings from the vector space to C. Moreover, we will use a generalized concept
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for (unbounded) linear operators, namely linear relations. The following notion of
linear relations, dual pairs and adjoints with respect to dual pairs are carefully
covered in [12, Ch. 1, Ch. 2|. Linear relations in Hilbert spaces are also properly
introduced in [1].

A linear relation T' between the vector spaces X and Y is a linear subspace of
X X Y. Clearly, every linear operator is also a linear relation (we do not distinguish
between a function and its graph). For linear operators we have [3] € T is equivalent
to Tx = y. We will use the following notation

kerT :={xz € X |[§] € T}, ranT :={y €Y |Ix:[y] €T},
mulT = {yeY|[y] €T}, domT ={z € X|Jy:[y] €T}

Thus, T is single-valued (an operator), if mul7 = {0}. The closure T of a linear
relation T is the closure in X x Y. Note that every linear relation is closable. Also
every operator has a closure as a linear relation, but its closure can be multi-valued.
Therefore, showing mul T = {0} is necessary, even if mul7T = {0}.

Definition 2.1. Let X and Y be Banach spaces and let (-,:})y,x: Y x X — C be
continuous and sesquilinear (linear in the first argument and antilinear in the second
argument). We define

! !
\I/:{Y - X, and @:{X - Y,
Yy = <y7 '>Y,X, A <'7l‘>Y,X-

If ¥ is isometric and bijective, then we say that (X,Y) is an (anti-)dual pair and
(-, *)v,x is its (anti-)dual pairing.
We define
<$, y>X1Y = <yv 1'>Y,X,
which is again a sesquilinear form.
If also ® is isometric and bijective, then we say that (X,Y) is a complete
(anti-)dual pair.

Clearly, (X, X') is a dual pair with the canonical dual pairing (z’,z) x/ x ='(x)
and it is complete, if X is reflexive. For a Hilbert space (H, H) is a complete dual
pair with the inner product as dual pairing (z,y)u,z = (z,y)u. However, if we
think of the Sobolev space H! (R) there are two “natural” possible dual pairings: the
standard Hilbert space (complete) dual pair (H'(R), H'(R)) and the dual pair that
is induced by the L? inner product (H'(R), H™"(R)) given by (z,y)u1 ) n-1®) =
limy, 00 (%, Yn)1,2(r)- Hence, in order to avoid saying both H'(R) and H™'(R) is the
dual space of H'(R), which can lead to confusion, we prefer the term (complete)
dual pair.

Definition 2.2. Let (X1,Y7), (X2,Y2) be dual pairs and A a linear relation between
X1 and X3. Then we define the adjoint linear relation by

ATY2x = { [zﬂ €Yo xY: <y2,x2>y2,xz = <y17$1>Y1,X1 for all |:§;:| S A}

We will just write A*, if the dual pairs are clear.

For a Banach space X, we will regard the dual pair (X, X’) for the adjoint, if
no other dual pair is given. Similar, for a Hilbert space H we will regard the dual
pair (H, H), if no other dual pair is given.

Note that this definition matches the usual Hilbert space adjoint, if A is a
densely defined operator between two Hilbert spaces.
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Remark 2.3. If A is an operator (mulA = {0}) from X; to X2, then we can
characterize the domain of A* by

y2 €dom A" & dom A D z1 — (Y2, AT1)v,, x, is continuous w.r.t. ||| x, .
Moreover, we have the following relations
ker A* = (ran A)" and mulA* = (dom A)",

where M+ denotes the annihilator space of M (which is the orthogonal complement
in the Hilbert space case).

3. Motivation

Let © C R? be a bounded open set with bounded Lipschitz boundary. For f,g €
C°°(R?) we have the following integration by parts formula:

(div f, g>L2(Q) + (f, grad 9>L2(sz) =(v-vf, ’Y09>L2(asz)»
where v is the normal vector on 92 and 7o is the boundary trace. It is also well
known that we can extend this formula for f € H(div,Q) and g € H'(Q):

(div f, g)r2(q) + (f;grad g)r2(0) = (Wwf,%09)u-12(00) 112 (00)

where 7, is the continuous extension of v - 7. In this extension we stumble over
the Gelfand triple (HY?(9%2),L*(8Q), H~2(d9)). However, in general such an
integration by parts formula will not automatically lead to such an extension where
we can replace the L? inner product on the boundary by a dual pairing that comes
from a Gelfand triple with L?(99) as pivot space. For example for f,g € C*(R?)
we have

(eurl f, g)12¢q) + (f,curl g)r2(q) = (¥ X o f, (v X 709) X V)12(00) 1)

but contrary to the previous case neither v X 7o nor (v X 79) X v can be continuously
extended to H(curl, Q) such that its codomain is still L?(9€) (or can be continuously
embedded into L2(0R)), see [13, Ex. A.4]. Hence, in order to better understand the
relation between the extension of (1) to H(curl, Q) and the L?(89) inner product
we need a more general tool than Gelfand triples. In order to try to find a suitable
boundary space such that we can extend v X 4o on H(curl, ©2), we endow ran(v x 7o)
with the range norm that comes from H(curl,2). This gives a norm on a dense
subspace of L2(09) = {¢ € L*(0Q)|v - f = 0} that is unrelated to ||||r2(s0)-
This setting will be our starting point. This particular problem was treated in [13].
Here we want to discover the world of quasi Gelfand triples without any particular
applications in mind (or maybe with Conjectures 6.7 and 6.8 in mind).

Remark 3.1. In [7] the authors stumble over the same problem extending (1). They
realized that it has the structure of [10] and used the dual spaces of [4] to extend (1)
and construct a boundary triple for the Maxwell operator [_ Oa C‘ff‘] Indeed, the
dual pairing of their spaces is induced by the pivot space Lz(aQ), but the pivot space
is not further used (in its original role) as they apply unitary transformations on the
boundary variables to map them into the pivot space, which does not preserve the
“natural” relation between the pivot space and the dual pair. This is especially not
desirable as it changes the physical meaning of the boundary conditions. Hence, the
so constructed boundary triple allows us to parameterize all m-dissipative boundary
conditions, but we don’t know what their physical meaning is. On the other hand for
given (physical) boundary conditions it is rarely possible to find their corresponding
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parameter to check whether they are m-dissipative. The reason for this is that the
unitary transformations are difficult to calculate. Fortunately, the port-Hamiltonian
systems in [13] include Maxwell’s equations. Hence, it is possible to use boundary
triple theory for Maxwell’s equations to regard boundary conditions natively in the
pivot space L?(99), i.e., without unitary transformations, which preserves their
physical meaning. This underlines the importance of quasi Gelfand triples.

3.1. Starting point

We will have the following setting: Let Xy be a Hilbert space with the inner product
(-,*)x, and (-,-)x, be another inner product on Xy (not necessarily related to
(+,+)x, ), which is defined on a dense (w.r.t. ||-||x,) subspace D, of X;. We denote
the completion of D} w.r.t. I-llxy (1 fllxy = \/{f, f)x,) by &1. This completion
is, by construction a Hilbert space with the extension of (-,+)x, , for which we use
the same symbol. Now we have D, is dense in Xy w.r.t. ||]|x, and dense in X}
w.r.t. ||-][x, . Figure 1 illustrates this setting.

Note that X, as a Hilbert space, is automatically reflexive. For the further
construction the crucial property of X is its reflexivity. Hence, we will weaken the
previous setting such that Xy is only a reflexive Banach space:

e X, Hilbert space endowed with (-,)x,.

e D, dense subspace of Xy (w.r.t. ||+]|x,)-

e ||-|[x, another norm defined on Dy.

e X, completion of Dy with respect to ||-|x . is reflexive.

Xo

FIGURE 1. Setting of Xy, D, and X,.

Example 3.2. Let Xy = ¢*(Z \ {0}) with the standard inner product (z,y)x, =
> TnYn + T_nY—n. We define the inner product

oo o 1 L
(T, y)x, = E annyn + ol TonY—n
ne1

and the set D, = {f € A | | fllx, < +4oo}. Clearly, this inner product is well-
defined on D+. Let e; denote the sequence which is 1 on the i-th position and 0
elsewhere. Since {e; |i € Z\ {0}} is a orthonormal basis of Xy and contained in
l~)+, l~)+ is dense in Xp. The sequence (Z?zl eﬂr)neN is a Cauchy sequence with
respect to ||+|x,, but not with respect to ||+||x,. On the other hand (37, %ei)neN
is a Cauchy sequence w.r.t. ||+||x,, but not w.r.t. ||-||x, .
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Definition 3.3. We define

||g||X_ = ?Up |<gvf>X0|

DLl for g€Xp  and D,::{geXo‘Hg||x_<+oo}.
reby\{o0} Hf“zn

We denote the completion of D_ w.r.t. ||-]|lx_ by X—. We will also denote the
extension of ||-||x_ to X— by ||-||x_.

Remark 3.4. By definition of D_ we can identify every g € D_ with an element of
X! by the continuous extension of

¢.{D+ - C,
. fo= 9N,

on X. We denote this extension again by 4. By definition of D_ we have ||¢g4 H/»\g/+

llgllx_ for g € D_. Hence, we can extend the isometry
o { D_. — X,
g = 7/)97

by continuity on X_, this extension is again denoted by ¥. So X_ can be seen as
the closure of D_ in X}.

We can define a dual pairing between X4 and X_ by
<g7 f>X7,X+ = <\Ilg’ f>X4»,X+~

However, this does not necessarily make (X4, X_) a dual pair in the sense of
Definition 2.1, because we do not know whether W is surjective.

Lemma 3.5. D_ is complete with respect to ||gllx_nx, = V/|lgllx, + ll9ll%_-

Proof. Let (gn)nen be a Cauchy sequence in D_ with respect to ||+||x_nx,. Then
(gn)nen is a convergent sequence in Xy (w.r.t. ||-]|x,) and a Cauchy sequence in D_
(w.r.t. ||-]]x_). We denote the limit in Xy by go. By definition of ||-||x_ we obtain
for f e Dy

(g0, F)avol = lim [{ga, f)e] < Timn flgnlle_ 1, < CUS

and consequently go € D_.
Let € > 0 be arbitrary. Since (gn)nen is a Cauchy sequence with respect to
Il x_, there is an no € N such that for all f € Dy with || f|lx, =1

€ .
|<gn_grmf>/'\?u‘§§a if n,m>no

holds true. Furthermore, for every f € D, there exists an mys > ng such that

el £l L
[{go — gms» flael < 2X+ , because gm — go w.r.t. ||+||x,. This yields

(g0 = gn, x|l _ {90 = gms, Flaol  {gm; — gns F el

< + <e, if n>ne.
[FAlE 112, 112,
Since the right-hand-side is independent of f, we obtain
llgo — gnllx_ = sup MSQ if n > no.
febD\{o0} Hf”«'\’+

Hence, go is also the limit of (gn)nen with respect to ||-||x_ and consequently the
limit of (gn)nen with respect to ||*||x_nax,- Q
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Strictly speaking [7+ and D_ are subsets of Xy, but sometimes we rather
want to regard them as subsets of Xy and X_, respectively. Hence, we introduce
the following embedding mappings

D _CXx_
" DiCXy — X, o [D.CX o X,
= f g = g

This allows us to distinguish between f € D as element of X} and i (f) as element
of Xp, if necessary. Clearly, the same for g € D_.

Note that there is an asymmetry in the notation, i.e., we use tilde for D+ and
I+, but no tilde for D_ and ¢—. This is because 1~)+ might be chosen a little bit too
small, i.e., l~)+ is somehow a core of the later introduced D4. On the other hand
D_ is defined maximally.

Lemma 3.6. The embedding I+ is a densely defined operator with raniy dense in
Xo and ker iy = {0}. Furthermore, the embedding v— is closed and ker . = {0}.

Proof. By assumption on D and definition of X, the embedding iy is densely
defined and has a dense range. Clearly, ker iy = {0} and kert— = {0}. By Lemma 3.5
t— is closed. a
Lemma 3.7. Let I, = Z+XOXX+ denote the adjoint relation (w.r.t. the dualities
(X0, Xo) and (X4, X})) of i+. Then T, is an operator (single-valued, i.e., muli} =
{0}) and ker iy = {0}. Its domain coincides with D_ and i t—: D_ C X_ — X
18 isometric.
If keriy = {0}, then rani? is dense in X}.

Proof. The density of the domain of iy yields muli} = (domi;)* = {0}, and

ran Z+XO = Xy yields ker 7} = {0}. The following equivalences show dom i, = D_:

gedomil & Dy fr{g,itf)x, is continuous w.r.t. Il 2

o sy leDwl
febi\{o} Hf||X+
& geD_.
For g € D_ C X_ we have
=g, i+ f)x, (T3 e—g, ) xr ,X+| .
gl = sup Me=giellwl g, DI e g
feby\{o} ||f||X+ feby\{o0} Hf“?q

which proves that 7% (— is isometric.
Note that the reflexivity of X implies iy = %*. If keri; = {0}, then the
following equation implies the density of rani} in X}

{0} = keri; = keri}* = (rani})". Qa

Remark 3.8. As mentioned in Remark 3.4 every g € D_ can be regarded as an
element of X by 14. Let g € D_, f € X} and (fn)nen in Dy converging to f w.r.t.
Il 2, - Since D_ = dom i, we have

<w97 f>X_'*_,X+ = nll)H;o<g7 fn)Xo = nli_>ngo<[’*ga Z+fn>/\’o = <Zj-L*g7 f)X_’*_,X_'_
and consequently ¢, = i3 t_g. Hence, UD_ =7}t _D_ =rani}.

Proposition 3.9. The following assertions are equivalent.
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(i) There is a Hausdorff topological vector space (Z,T) and two continuous
embeddings ¢x, : Xy — Z and ¢x,: Xo — Z such that the diagram

D+i4d)X+

D+ l*d> Xo
commutes.
(i) If Dy 3 fn = 0 w.r.t. Il x, andlim, oo fr exists w.r.t. ||-||x,, then this
limit is also 0 and if Dy 3 fr, — 0 w.r.t. ||-||x, and limp—e0 fr exists w.r.t.
Il x, , then this limit is also 0.

(iii) 74: Dy C X — Xo, f — f is closable (as an operator) and its closure is
injective.
(iv) D— is dense in Xo and dense in X}, i.e., YD_ is dense in X.
Proof. We will follow the strategy (i) = (ii) = (iii) = (iv) = (i).

(i) = (ii): Let (fn)nen be a sequence in Dy such that f, — f w.r.t. Xy and f, — f
w.r.t. Xp. Since T is coarser than both of the topologies induced by these
norms, we also have

s

fn in Z.

VAN

= f. Hence, if either f or f is 0, then also

~

Since T is Hausdorff, we conclude
the other is 0.

(if) = (iil): If (fn, fn)nen is a sequence in Iy that converges to (0, f) € Xy x Xo,
then f = 0 by (ii). Hence, muliy = {0} and consequently 7y is closable. On
the other hand, if (fn, fn)nen is a sequence in 7y that converges to (f,0), then
f =0 by (ii). Consequently, keriy = {0} and 7 is injective.

(iii) = (iv): We have (dom %)t = mul i%* = mulZ,.. Since i, is closable, we have
mul iy = {0}, which implies that dom i, is dense in Xy. By Lemma 3.7 dom i*;
coincides with D_, which gives the density of D_ in Xj.

The second assertion of Lemma 3.7 yields that ran i’ is dense in X} . By
Remark 3.8 we have rani}, = ¥D_ and therefore the density of ¥D_ in X.

(iv) = (i): Let Y := D_ be equipped with

lglly = llgllx_nxo = \/llgllz_ + lle-gll%,-

We define Z := Y’ as the (anti-)dual space of Y. Note that ¥g = i’} t_g for
g € D_. Then we have

s i@ ol < M fllao le—gllxe < M fllaollglly  for f€ Xo,g€Y

and
gy 2 | < Il 1Wgllay <M fllxyllglly for feXy,geY.
——

=llgllx_
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Hence, ¢pxy: f = (fit—+)x, and dx, : f = (f,\I’-)X+7X/+ are continuous map-
pings from Xy and X, respectively, into Z. The injectivity of these mappings
follows from the density of D_ in Xy and D_ in X} (¥D_ dense in X7}),
respectively. For f € ﬁ+ we have

¢X+f = <f,‘I">X+,XJ’r = <fa Zj-bf'>x+,x4’_ = <Z+f, L7'>Xo = dx, 0lt+f

and consequently the diagram in (i) commutes. a

If one and therefore all assertions in Proposition 3.9 are satisfied, then X} N
Xo is defined as the intersection in Z and complete with the norm ||-[|x, nx, =
H||§,(+ + [|-lI%, - Moreover, we define D as the closure of Dy in X1 N Xy (wr.t.
Il 2 nao)- Note that although Xy N Xy may depend on Z, Dy is independent of Z.
We will denote the extension of 7y to Dy by ¢4, which can be expressed by L = L.
The adjoint ¢} coincides with 7% . Also D_ does not change, if we replace D4 by
Dy in Deﬁr}ition 3.3 and all previous results in this section also hold for~D+ and ¢4
instead of Dy and 74, respectively. If 7 is already closed, then Dy = Dy.

Lemma 3.10. Let one assertion in Proposition 3.9 be satisfied. Let Z =Y', where
Y = D_ endowed with ||g|ly = l|gllx_nx, = /llgll%_ + llgll%, (from Proposition 3.9
(iv) = (i)). Then we have the following characterization for D :

e Dy =dom:.*,

e Dy=X;NXyinY'.

Proof. Note that for g € D_ we have g = (%) "'¢%g and that ¢%¢_ is isometric from
D_ = dom:_ C X_ onto rant’ = dom(:5)~! C X} . The following equivalences
show the first assertion:

fedom” & D_>gw (f,1_g)x, is continuous w.r.t. ||+||x_
& D_3g— (f,(t}) "ii_g)x, is continuous w.r.t. ||-||x_
& dom(uy) ™" 3 b (f, (13) " h)x, is continuous w.r.t. ||||X/+
& fedom ((1})™")" =domey' =raniy = Dy

For the second characterization we define Py := X+ N Xp in Y’ and we define
P_ analogously to D_ in Definition 3.3:

lgllp == sup % and P_:={g € Xo||lgllp. < +oo}.
+

fepi\{0}

Since Dy C Py we have ||g||x_ < ||g]lp_ for g € P_ and consequently P C D_.
Furthermore, we can define vp, : P C X4 — Ao, f — f analogously to 7;. Note
that tp, is closed due the completeness of (X N X, ||-[x,nx,). Then we have
dom:p, = P- and i} C ¢p, and therefore L*P+ Cii.Forge D_ and f € Py we
have, by definition of Py = X+ N Xy in Y,

(g x| = 1T eg, Har x| < N0 e-gllag 112y = lgllx_1flxg
which yields [lg||r_ < [|gllx_. Hence, P- = D_, tp, =% and tp, = I, which is

——AX, NXp
equivalent to P = Xy NAXp = Dy =D;. a
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Theorem 3.11. Let one assertion in Proposition 3.9 be satisfied. Then the continuous
extension of 1y 1— denoted by 11— equals W. Moreover, ¥ is an isometric isomorphism
from X_ to X_ and (X4, X_) is a complete dual pair with

<g>f>X,,X+ = <\Ijgvf>Xjr,X+'

Note that we have already shown that W is isometric hence it is left to show
that it is surjective.

Proof. We have already shown, that ¢} ¢t_g = ¥g for g € D_. Since D_ is dense in
X_, we also have 1} 1_g = Vg for g € A_.

If one assertion in Proposition 3.9 is true, then all of them are true. Hence,
UD_ is dense in X} and because ¥ is isometric ran ¥ is closed and therefore
ran¥ = X}.

Since ¥ is an isomorphism between X_ and X}, it immediately follows that
(X4, X_) is a complete dual pair with the dual pairing (-, -)x_ x, . a

Remark 3.12. For f € Dy and g € D_ we have
(9, Nha_xp = (Vg lag 2y = (-9, Playxp = (-9t F) o = (9, o

Since these two sets are dense in X and X_ respectively, we have for f € Xy and
geX_

, ., = lim ny fm) Xg s
(9, [ a_ . (nym)ﬁ(mm)@ fm) %

where (fm)men is a sequence in Dy that converges to f in X4 and (gn)nen is a
sequence in D_ that converges to g in X_.

4. Definition and results

The previous section leads to the following definition.

Definition 4.1. Let (X}, X_) be a complete dual pair and Xy be a Hilbert space.
Furthermore, let ¢4: domey C X4 — Ap and ¢—: domt— C X_ — A) be densely
defined, closed, and injective linear mappings with dense range. We call (X1, Xp, X_)
a pre-quasi Gelfand triple, if

<g,f>X_,X+ = <l’*gab+f>X0 (2)

for all f € dom¢y and g € dom¢_. The space Xy will be referred as pivot space.

If we additionally have dom:} = rant¢_, then we call (X4, Xo, X~) a quasi
Gelfand triple.

Figure 2 illustrates the setting of a quasi Gelfand triple. Contrary to the
previous section we will regard the adjoint of ¢1 and (— with respect to the complete
dual pairs (X4, X_) and (Xp, Xp). Therefore, ¢} is a densely defined operator from
X to X_ and ¢* is a densely defined operator from Xy to Xy. We could not do this
before, because we did not know from the beginning that (X4, X_) is a complete
dual pair.
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Xo

N

L+/ '\,

FiGURE 2. Illustration of a quasi Gelfand triple

Example 4.2. Let X} = LP(R), X~ = LY(R) and &y = L?(R), where p € (1,400)
and % + é = 1. Then (X, X_) is a complete dual pair. Note that L?(R) N L*(R) is
already well-defined. We can define

[ LPR)NL*(R) CLP(R) — L3(R),
L*{ fo=
and - { LY(R) NL*(R) CLY(R) — L*(R),
g = g

These mapping are densely defined, injective and closed with dense range. By
definition of the dual pairing of (LP(R),L?(R)) we have

<mmmm®:4ﬂ®:@ﬁ%:wwﬁm

for g € LY(R) NL?(R) and f € LP?(R) N L2(R). By the Hélder inequality we also
have dom ¢ = ran:_. Hence, (L7 (R),L*(R),L?(R)) is a quasi Gelfand triple.

Note that the mapping ¢+ gives us an identification of dom ¢4+ and ran 4.
Hence, we can introduce the norm of Xy on rancy by ||fllx, = |lt7'fllx, for
f € raniy. Then the completion of ranty with respect to ||-||x, is isometrically
isomorphic to X4. Accordingly, we can do the same for X_. This justifies the
following definition and Figure 3.

Definition 4.3. For a quasi Gelfand triple (X4, Xy, X—) we define
X NAXy=ranty and AX_NAp:=rani_.

If either ¢+ or ¢— is continuous, then a quasi Gelfand triple is an “ordinary”
Gelfand triple. Clearly, every “ordinary” Gelfand triple is also a quasi Gelfand triple.
The additional condition dom:} = ran:_ that makes a pre-quasi Gelfand
triple a quasi Gelfand triple is not crucial as it can always be forced, which we will
see later in Lemma 4.5. In Conjectures 6.7 and 6.8 we ask ourselves, if this condition
is automatically fulfilled. Moreover, the next lemma shows that we can also ask
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Xo

Xy X

~

Ficure 3. Ilustration of a quasi Gelfand triple, where D =
ranty and D_ =ran¢_.

for the converse condition dom:* = ran:y instead. Note that from (2) we can
immediately see that dom ¢} D ranct— and dom:* D ranty. Hence, for f € dom ¢y
and g € dom¢— we have

L* L— ) — 7
(9, Pl ey = {1 gous fra = § (T 0
<gaL—L+f>X—7X+a
which implies ¢} t—g =g and (X o f = f.

Lemma 4.4. Let (X4, Xo, X_) be a pre-quasi Gelfand triple with the embeddings 1+
and v—. Then

dom:} =rant— < dom:” =rancy.

In particular, if (X4, Xo, X=) is a quasi Gelfand triple, then also dom:” = raniy
holds true.

The proof of this is basically the first part of the proof of Lemma 3.10.

Proof. Let dom:} = ran:—. The following equivalences
fedom:” < dome_ 3 g (f,i_g)x, is continuous w.r.t. ||-||x_
s domi_ 3 g (f,(1}) " hi_g)x, is continuous w.r.t. ||| x_
——
=g
*\—1\* -1 _
& fedom((t1)7") =domiy' =ranty

imply dom¢* =raniy.
The other implication follows analogously. a

In contrast to “ordinary” Gelfand triple, the setting for quasi Gelfand triple is
somehow “symmetric”, i.e., the roles of X1 and X_ are interchangeable, since neither
of the embeddings ¢+ and ¢— has to be continuous.

Lemma 4.5. Let (X4, Xo, X=) be a pre-quasi Gelfand triple with the embeddings
14+ and t—. Then there exists an extension i— of v— that respects (2) and satisfies
dom:} =rani_. In particular, (X4, Xo, X_) with 14 and i— forms a quasi Gelfand
triple.
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Proof. Note that t5t_g = g. Hence, ¢} D =" and (+3)7" D 1—. We define i_ as

(¢%)~!. Then clearly rani— = dom}. For f € domty and g € domi_ we have
<£—g,L+f>Xo = <L1[—ga f>X7,X+ = <97 f>X7,X+' a
Alternatively, we could have extended ¢4 by setting i = (+*)7! in the

previous lemma to obtain a quasi Gelfand triple.

Remark 4.6. If (X1, Xp, X_) is a quasi Gelfand triple and (X4, X_) is another dual
pair for Xy, then also (X4, Xp, X_) is a quasi Gelfand triple.

Lemma 4.7. Let (X1, Xo, X—) be a quasi Gelfand triple. Then
p=2 and o=t

Proof. By (3) we have t}71_g = g for all g € dom¢. Since rant— = dom} (by
assumption), we conclude that ¢5 = ="

Analogously, the second equality can be shown. a

Theorem 4.8. Let Xy be a reflexive Banach space and Xy be a Hilbert space and
t+: domey C Xy — Xp be a densely defined, closed, and injective linear mapping
with dense range. Then there exists a Banach space X_ and a mapping v— such that
(X4, Xo, X_) is a quasi Gelfand triple.

In particular, X_ is given by Definition 3.3, where D+ = ran 4.

Proof. We will identify dom ¢4 with ran ¢4 and denote it by D,. Then item (iii) of
Proposition 3.9 is satisfied. Hence, the corresponding D_ (Definition 3.3) is dense
in Xy and its completion X_ (w.r.t. to ||-||x_) establishes the complete dual pair
(X4, X-), by Theorem 3.11. The mapping

, .{D,QX, - Ao,

g = g
is densely defined and injective by construction. By the already shown ran¢— = D_
is dense in Xp. Finally, by Lemma 3.6 ¢— is closed and by Lemma 3.7 dom:} =
D_ =ran¢_. a

Remark 4.9. By Theorem 4.8 the setting in the beginning of Section 3 establishes a
quasi Gelfand triple, if one assertion of Proposition 3.9 is satisfied.

From now on we will assume that (X, Xo, X_) is a quasi Gelfand triple and we
will identify dom ¢4 with ran ¢4 and denote it by D as in Figure 3. Analogously,
we identify dom¢_ with ran¢_ and denote it with D_.

These identifications are really meaningful as we can endow D (as a subset
of Xo) with || f]lx, = [[¢Z' fllx, for f € Dy. Then the completion of Dy w.r.t. to
this norm is clearly isomorphic to Xy. The same goes for D_.

The set D_ = rant— (previous identification) coincides with the set D_
defined in Definition 3.3 for D := Dy.

Proposition 4.10. The space D+ N D_ is complete with respect to

Illapnxs = /IE, + 1152 and |[fllx < Ifllxpnx. Vf€DinD-_.
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Proof. For f € Dy N D_ we have
10 = 1(F: Plxol = 10 Py | < Il 1 Fllxy < N1 nx_ -

Hence, every Cauchy sequence in Dy N D_ with respect to ||+||x,nx_ is also a
Cauchy sequence with respect to ||||x,, [|-|x, and ||-[lx_.

Let (fn)nen be a Cauchy sequence in Dy N D_ with respect to ||-||x,nx_. By
the closedness of ¢4 the limit with respect to ||-||x, and the limit with respect to
Il x, coincide. The same argument for ¢ yields that the limit with respect to
|-l x, and the limit with respect ||-||x_ also coincide. Therefore, all these limits have
to coincide and (fn)nen converges to that limit in Dy N D_ w.r.t. ||'||X+mx_. a

Lemma 4.11. The following operator is closed.

D+XD,QX+><X, — Ao,
] o i
g

Proof. Let ((Mz],zn))nEN be a sequence in {L+ L_} that converges to ([ﬁ,z) in
Xy x X_ X A, ie.,

lim fo=f (wrt. [|x,),

n—o0

lim g, =g (wr.t. ||-]|lx_),
n—r oo

and  lim fo+gn= lim 2z, =2 (w.rt. |||la)-
n— oo n— o0

Then we have
20 = zmll3o = lfn + 90 = (Fm + gm) |2 = 1(fa = fin) + (90 = gm)lI%
=lfn— fm”?\’o +1lgn — gmH?\fo +2Re(fr — fin, gn — gm) x0-

Note that [[zn — Zm”g(o and Re(fn — fm,gn — gm)x, = Re(fn — fm, gn — QM>X+,X_
converges to 0 for n,m — oo. Since both || fr — fm|lx, and ||gn — gm||x, are positive,
they also have to converge to 0. Hence, (fn)nen and (gn)nen are also Cauchy
sequences in Xy and consequently convergent in Xp. By the closedness of ¢4 and ¢—
their limits are also f and g, respectively, in Xy. Finally,

[L+ L_] [f] =f+g= lim f,+ lim g, = lim 2z, =z
g n—oo n— 0o n— oo

finishes the proof. a

Proposition 4.12. D N D_ is dense in Xy with respect to ||-||x, -

Proof. By domu} = rants = D+ (Lemma 4.4) and mul [ty ¢—] = {0} we have

ng(mul[L+ L,})l:dom[mr L,]*:domblﬁdomL’i:D_ﬂD+. a

5. Quasi Gelfand triples with Hilbert spaces

In this section we will regard a quasi Gelfand triple (X4, Xo, X—), where Xy and
X_ (and of course Xy) are Hilbert spaces. Maybe also some of these results can
be proven for general quasi Gelfand triple, but we would need a replacement for
Theorem B.2.
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For a quasi Gelfand triple (X4, Xp, X—) consisting of Hilbert spaces, there
exists a unitary mapping ¥ from X_ to X4 (Riesz representation theorem) satisfying

(9. P a_xy =(Tg, flo, and (f,g)a, v = (T 'fg)x_.

We will refer to this mapping ¥ as the duality map of the quasi Gelfand triple.

Note that we previously regarded the adjoint of ¢+ with respect to the dual
pairs (Xp, Xp) and (X4, X—). The main reason for this choice was, that if X} is not
a Hilbert space, then the dual pair (X, X}) is not available, but also sometimes
the adjoint with respect to the dual pair (X4, X_) is more natural.

However, now that X is a Hilbert space, the dual pairs (X, Xy) and (X—, X_)
are available and seem reasonable when it comes to calculating adjoints. Hence, if
we have an additional dual pair (Y, Z) and a linear operator A from Xy to Y, then
we have two choices for the adjoint:

A"Z2*%1 . domA* C Z — Xy and A"?*¥-: domA* C Z = X_,

as defined in Definition 2.2. In order to have a short notation we will denote the
adjoints that are taken w.r.t. the dual pairs (X, Xy) and (X—, X_) by A™ (h for
Hilbert space duality) and the adjoints w.r.t. (X4, X_) still by A", i.e.,

A™: domA™ CZ—- Xy and A*: domA*CZ — X_.

Clearly, the same goes for mappings, where X, is the codomain and analogously for
X_. Note that for Xy we regard only the dual pair (Xp, Xoy), therefore we always
take adjoints with respect to this dual pair. In particular for ¢+ we have

L?’: domLih CXy— Xy and (f: dome] C Ay — X_.
By Lemma B.1 we have the following relations between the adjoints:

L:_h =¥, and (P = T

Corollary 5.1. The set Dy N D_ s dense in X1 and X_ with respect to their
corresponding norms. More precisely dom v} 14 = LII(D+ ND_) is dense in X+ and
dom* i == (Dy N D-) is dense in X_.

Furthermore, L_T_I(D+ ND_) is a core of 1y and 1= (D4 ND_) is a core of t—.

Proof. Applying Theorem B.2 to uy yields ¢}*tq is self-adjoint. Note that by
Lemma B.1 we have L:h = U}, where ¥ is the duality map introduced in the begin-
ning of this section. Hence, dom Lj_h t+ = dom 3¢y is dense in X;. By Lemma 4.4
dom ¢} = D_, consequently

dom ey =17 (dome Nraney) = (D-NDy) =Dy ND_. (4)

Finally, Proposition B.4 and (4) give that ¢ ' (D4 N D_) is a core of ¢4
An analogous argument for ¢— yields D4 N D_ is dense in X_. a

Corollary 5.2. Dy + D_ = Ap.

Proof. Applying Theorem B.2 to ¢4 gives that (Ix, + L+Lj_h) is onto. Hence, for
every = € Xy there exists a g, € dom¢1}* C D_ such that

— *h
T= gz +14l1' G-
~N— ~——
€D €D,

Since g, € dom L+L:h, we have Li“gz € D4 and consequently x € Dy + D_. a
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Next we will show that we can embed an entire quasi Gelfand triple structure
preservingly into a larger space. We will even give the smallest possible space that
contains the entire quasi Gelfand triple. However, before we start we give a proper
definition of what we mean.

Definition 5.3. Let H be a Hausdorff topological vector space. We say the quasi
Gelfand triple (X4, Xo, X_) can be structure preservingly embedded into H, if there
exist linear, injective and continuous mappings

¢X+ZX+*>’H, ()ZSXO:X()*)/H and o¢x_:X_- —H
such that
= Gyt (5)

¢X+ |d0m Ly = ¢X0 b+ and d)X* |dom L

Basically the previous definition means that the following diagram commutes.

H
Xo

X X
;d\ o /id ’id\ L /ic;
dom ¢y T rancy ranc— 5 dome—
= -

Ly L

Since we identify dom ¢y and ran:¢y with each other and denote it as D4 and the
same for ¢«_, we can reduce the previous diagram to the following diagram.

H
Px bx_
* T(PXO
Xy Xo X_
i;\ /id i;\ /i|d
D, D_

From this point of view the compatibility condition (5) can be seen as

bx, f=0oxf VfeDy and ¢x_g=dxg VgeD-_.

Note if (X4, Xp, X_) is an “ordinary” Gelfand triple (where ¢4 is continuous),
then it is usually denoted by X4 C Ay C X_. To be precise these inclusions are
actually identifications via the mappings ¢4 and ¢~'. The continuity and closedness
of ¢4 implies dom ¢y = X4 and that ¢ is also continuous and everywhere defined.
Since ¢} = 1~! (Lemma 4.7), we have the following setting:

L St
Xy — Xy —— X,

which suggests that X contains the entire Gelfand triple. Defining ¢, = ey,
bx, = ("' and ¢x_ = idx_ justifies that X_ contains the Gelfand triple in a
structure preserving manner as defined in Definition 5.3.

For quasi Gelfand triples the construction of a space that covers the entire
quasi Gelfand triple needs a bit more attention.

By Proposition 4.10, Dy N D_ with ||-||x, nx_ is complete and therefore a
Banach space. Since Xy and X_ are Hilbert spaces (in this section) we can define
the inner product

<g,f>X+ﬁX, = <g7f>X+ + <g7f>X—
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on Dy ND_. This inner product induces the previous norm ||-||x, nx_. Consequently
DynND- is a Hilbert space with (-, -) ¥, nx_ . For shorter notation we denote Dy ND_
by Z, the corresponding inner product and norm by (-, )z, and ||-||z, , respectively.

Corollary 5.4. Let Z4 = Dy N D_ be the space defined in the previous paragraph.
Then the triple (24, Xo, Z%) forms an “ordinary” Gelfand triple. In particular Z,
is isometrically isomorphic to Z_, the completion of Xo w.r.t.

h
[hllz_ = sup [{h: 2],
z€24\{0} ||Z||Z+

Proof. By Proposition 4.12 we know that Z is dense in X and by Proposition 4.10
that the mapping ¢z, : Z; — &b, z = z is continuous. Hence, “ordinary” Gelfand
triple theory or Theorem 4.8 gives the assertion. a

Theorem 5.5. We can structure preservingly embed the quasi Gelfand triple (X4, Xo, X—)
into the space Z' by the embeddings

VYa, f = (fi T Y x, Yagh= (b, and Pa_g={(g,t5 Vx_ x,.

Note that by our identifications of Dy and D_ we have Lilz =zand "'z =2
for z € Z,. However, making this change of spaces visible can sometimes help.
Nevertheless, most of the time this is only additional dead weight, this is why we
will often just write ¢x, (f)(2) = (f, z)x, x_, etc.

Clearly, since Z/, and Z_ are isometrically isomorphic we can also structure
preservingly embed (X4, Xp, X—) into Z_. For notational harmony we prefer to use
Z_ instead of Z! . However, for our purpose there is no need to strictly distinguish
between them, this is why we will use these symbols as synonyms. Figure 4 illustrates
the meaning of the previous theorem.

Proof. First we have to check that these mappings are well-defined: Let z € Z,
fe Xy, he Xy and g € X_. Then

[a, (F) )] = [0, 2w x| < fllagllzllxs < (1 f 11y Izl 2y

[y () (2)] = [(hy 2) 20| < NPl 12l 20 < [Pl |21 2,

lbx_(9)(2)| = [{g, 2)x_ 2y | < Mlglla_llzllxy < Nlgllx_ll2llz
which implies ¢, (f), tx,(h) and $x_(g) are in Z%, and x, , Yx, and Yx_ are
continuous. The linearity of ¥x,, ¥x, and ¥x_ follows from the sesquilinearity
of a dual pairing. If ¥, (f) = 0, then f L T2y =T (DN Do) = dom et
Since dom tX ¢ is dense in X, we conclude f = 0, which proves ¢, is injective.
Analogously, we can show that x_ is injective. If ¢x,(h) = 0, then h L Z. Since

Z, is dense in Xp, h has to be 0, which gives the injectivity of 1 x,. The compatibility
condition (5) follows from

’(:bXO OL+(f)(Z) = <L+va>XO = <fa LiZ)X_'_,x_ = <faL:IZ>X+1X— :1/JX+ (f)(z)v

1/}?(0 © L_(g)(Z) = <L—97Z>XO = <97LiZ>X7,X+ = <g,l,;12:>_)(7,)(+ =tx_ (g)(Z),
which finishes the proof. Q

Now since we can always structure preservingly embed a quasi Gelfand triple
into Z_ (2! ) we can regard this quasi Gelfand triple as subsets of Z_, see Figure 4a,
and do not have to deal with all this embeddings (most of the time). However, we
will not get completely rid of these embeddings, as they are sometimes helpful, but
we can always regard them as identity mappings.
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Xo X_

NN
N

Zy

(A) Venn diagram (B) Commutative diagram

FIGURE 4. quasi Gelfand triple embedded in Z_

Lemma 5.6. Z_ = X, + X_ and

— 3 2 2
Iz = it IR, + Dol

fEX  gEX_

Proof. Note that Z, is a Hilbert space with (z1,22)z, = (21,22)x, + (21, 22)x_.
Hence, there is a duality map ® from Z_ to Z4 and we can write

<h, Z>2_7Z+ = <<I>h, Z>Z+ = <<I>h, Z>X+ + <(I’h, Z>X_.
Furthermore, with the duality map ¥ from X_ to Xy we have
(h,2)z_ .z, = (U ' ®h,2)x_ x, + (VPh, 2)x, x_

and h = U~ 1®h 4+ UPh in Z_, where U~ '®h € X_ and UYOh € X,
Let h € Z_. Then for every f € Xy, g € X_ that satisfy h = f + ¢ in Z_ we
have

Kh,2)z_ .z, | = {f, ) a2 + (g, 202 | < I(f,2)ap x|+ (9, 2)x 2,
< fllap Nzllxe + llglla[l2]lay

< I, + ol Izl + 11213,
= 1%, + D9l lzll=. .

which implies ||h]|z_ < infp=fig 4/ ||f||§f+ + |lgll% . On the other hand

[hlZ_ = [|9h]1Z, = [Phl%, + | Phl5_ = |97 @h|%_ + [TPh|%,
finishes the proof. Q

The next result reinforces Definition 4.3.
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Proposition 5.7. The intersection Xy NAXp in Z— equals D+, i.e., ran Yx, Nrantx, =
ran(¢x, o t4), and the intersection X_ N Xo in Z_ equals D_, i.e., ranthx_ N
rantx, = ran(tx, o t_).
Proof. Let h € Xy N Ay C Z_, i.e., there exists an f € Xy and a k € X, such that
(hy2)z_ .z, = {(f1 2 %), 2. = (k,2)x, forall z€2Z,=D,ND_.
We define « = ¢~'z, which leads to
(f,z)x, 2. = (k,i-z)x, forall =€ YDy nDo).

Since t~*(D+ N D_) is a core of t— (Corollary 5.1), this equation is also true for all

x € dom ¢_. Moreover, this implies f ="k and k € dom:* = D;. By /% = Lf we

obtain (4 f = k € Dy and

(h,2)z_z, = (fi 2 2y xe = (b, 2)xy = (14 f2 2) 20,
which gives h=f =k =1y f in Z_ and h € Dy.
The same steps can also be done for X_. a

Theorem 5.8. The intersection X+ N X_ in Z_ is Dy N D_(= Z4), i.e.,
rantx, Nrantx_ = ran(Px, o t4) Nran(hx, o t—) = Ya, (Z4).

This means that area of X1 N X_ in Figure 4 outside of Xj is actually empty.

Proof. Let h € Xy NX_ C Z_| i.e., there exists an f € Xy and a g € X_ such that
(h,2)z_.z, = <f,L:12)X+,X7 = (g,L_T_1z>;¢,;g+ forall ze€e DyND-_.
We define = := sz, which leads to z = ¢, x. Since z € dom ("', we have z €
dom:~"'s4. Recall that =" = /5 and L_T_IZ+ = Lll(D+ ND_) = domtjey (see
Lemma 4.7 and Corollary 5.1). Hence,
(fitherm)x, x_ = (g,x)x_ x, forall zedomiiey,

which implies (¢} t4)" f = g and f € dom(} ¢4)". By Proposition B.4 (¢ e4)" =t eq
and therefore f € dom¢} ¢y and in particular, v f € 14 (domeey) = DN D_.
Note that again by :~" = 1% we have 1=, f=g. Thus, g € dom:_ and oy f = 1_g.
This gives

<h7 Z>Z~Z+ = (14, Z>X0 = <L*97 2) -
Therefore, h=f=g=1yf =1_gin Z_. Q

Corollary 5.9. For f € X and g € X_ we have

— i 2 _ 2
1 +gllz- = inf \JIF+ 213, +llg ==l

Proof. By Lemma 5.6 we have
If+glz_= _inf /IIflI%, +13l3%_
f+g=f+g
fexy . gex_
Note that f 4+ g = f + § implies

s=f—f=—(g-§) €XiN.
—— N——r
cxy cx_
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We can write f = f —z and § = f + z and by Theorem 5.8 we have z € Z,.
Consequently,

— 3 A2 2 2 _ 2
1+l = inf \JIF—=lk, +llg+2lk = inf (JIF +2lk, + o -2k O

The space Z_ is the smallest space where we can embed the quasi Gelfand
triple structure preservingly. The following theorem makes this statement precise.

Theorem 5.10. Let H be a Hausdorff topological vector space such that we can
structure preservingly embed the quasi Gelfand triple (X4, Xo, X—) into H and let
dx,, dx, and ¢x_ denote the embeddings. Then also Z_ can be continuously
embedded into H by a mapping ¢=z_, such that

pz_otx, =¢x,, Pz _oYx, =dx, and ¢z oYx =x_,

i.e., the following diagram commutes.

'
N N
N/

Zy

Proof. Recall that we can assume that X', Xo, X~ C Z_ and Yx, f = f, Y h = h,
and ¥x_g = g, by simply replacing the quasi Gelfand triple (X4, Xy, X_) by
(e, (X4), Yo (Xo), hx_ (X-)), see Figure 4.
For convenience we define X+ = dx, (X4), Xo = @x,(Xo) and X_ = ox_(X-)
with the norms [|f|l ¢, = llox, fllx,, [hllg, = ll¢x; hllxe and [lglle = llox gllx_-
We will show as a first step that we can endow X'y +X_ in H with ||h\|2++22_ =

infrig—n ,/Hf”i?+ % such that the corresponding topology of H'H22++2€, is

finer than the topology 73 of H (i.e., whenever (hn)nen converges w.r.t. H'Héf++2€',7
it also converges w.r.t. 7% ). Note that we can alternatively write the norm as
I +alle, e =i JIFI5, +ll3 | F+a=1+a)
:inf{ i;++\|gfz||§,_ ze)@ﬂ)ﬁ}.

Moreover, the mapping
A { X+ X X_ — H,
[5] = ¢X+f+¢/\’797
is continuous as composition of the continuous embeddings into H and the con-

tinuous addition in H. Hence, ker A is closed in X; x X_ and the quotlent space
Xy ¥ X—/kerA is a Hilbert space and is isometrically isomorphic to X+ + X_ with
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||-||)3++A?7. The quotient mapping A/kerA s X XX /yor A — H is injective and
continuous, which implies that topology of ||-|| #,+x_ 1s finer than the trace topology
of T on Xy + X_.

We can regard Z, = ¢x,(Z4) C Xo C H and endow this space with

Izllz, = \/I=l%, +1=l1% = 1975 2ll 2, for =€ Z4.

[(h;2)]
Furthermore, we can define a new norm on Xy by ||A| s %

—supzez+\{0} W
Note that every h € Xy can be written as h = f + g, where f € Dy and g € D_7
see Corollary 5.2. Hence, also every h € X, can be written as h = f + g, where
f € bxo(Dy) = ¢a (D) C X NApand g € pay(D-) = pa_(D-) C XN X_. We
know by Corollary 5.9 for every f + g € Xo (f € ¢x,(D+), g € ¢px,(D-)) that

1f +9gllz_ = lldx, (f +9)llz_ = nf \/Haﬁxg )+ 2%, + 67, (9) — 2ll5_

inf Vll% D+ oGN3, + 163 @) - 63 @3
~—_—————

=t (f+2) =¢3" (9-2)

3 2 2
nf Il e = A

2 2z -
> _int IR Tl ol =7+ gl
because Z; C Xy N A_. Hence, the completion of Xy w.r.t. |-|s can also be

continuously embedded into )2+ + X_, because .XA.+ + X is complete, and therefore
also into H. In particular the mapping (1 x, does not do anything by assumption)

Gxy 0 Ve Y (Xo) C Z- — H

is continuous w.r.t. the ||-||z_ topology on ¥x,(Xo) and T on H and injective. By
the density of X in Z_ we can continuously extend this mapping, denoted by

bz = dx, 01/);;: Z_—H.
By construction we already have ¢z o Yx, = ¢x,. Note that for z € Z, we have
z=1px, z=1pxz=%x_z and ¢x z=dx.z=Px_z.

Now for f € Xy there exists a sequence (z,)nen in Z4 that converges to f
w.r.t. ||]|x, . Hence, the continuity of ¢z_, ¢x, and ¢x, gives

pz_ovx, f= lim ¢z ovx, zn = lim ¢z othx,2n
n—oo n— oo
= lm ¢x 2, = lim ¢x, 2n = dx f.
n— o0 n— o0
Analogously, we can show ¢z_ ovx_ = px_. u

Corollary 5.11. Let H be a topological Hausdorff vector space such that we can
structure preservingly embed the quasi Gelfand triple (X, Xo, X_) into H. Then
Xy NA_ in H equals Dy N D_, i.e., px (Xy+)Nox_(X-) = dpx,(Dy ND-).

Proof. By Theorem 5.10 we can also embed Z_ into H such that

Xy
CZ_CH.
P CZ_CH
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Hence, X1 N X_ in H is the same as X+ N A_ in Z_, which equals, by Theorem 5.8,
DinNnD_=2Z,. a

6. Gram operators

Every quasi Gelfand triple (X4, Xp, X—) is fully determined (up to isomorphic
identifications) by Xb, ransy and ||-||x, on ranty (or rant— with [|-||x_ ). However,
in the Hilbert space case (X4 is a Hilbert space) we can even encode the entire
information of a quasi Gelfand triple in a single (so called Gram) operator G on
Xo, that is self-adjoint, positive and injective. This means that (Gf, g)x, defines
a new inner product on Xp, which gives rise to (f, g)x, . In particular, we will see

that Dy = dom G"? and (G f,G"?g) = (f,g)x, -

Definition 6.1. Let (X4, Xo, X~) be a quasi Gelfand triple of Hilbert spaces. Then
we define the Gram operator G4 : dom G4 C Xy — X of the quasi Gelfand triple
by
Goy= ()™ = ()7,

where here the adjoint is taken w.r.t. the dual pairs (X, Xp) and (X4, Xy), ie.,
(5™ = (51" and 1 = 107

By Theorem B.2 G4 is self-adjoint and positive (not necessarily strictly
positive (coercive)). Moreover, by the functional calculus for unbounded self-adjoint
operators on Hilbert spaces there exists a root Gi/z of G4, which is also self-adjoint
and positive.

Clearly, we can do the same for ¢~ and define G_ = (:=')**,~!, where
again here the adjoint is taken w.r.t. the dual pairs (Xo, Xo) and (X—,X_), i.e.,
(121 = (uLZ1)™*- ¥ In fact we will see that G_ = G ".

Theorem 6.2. Let (X1, Xo, X_) be a quasi Gelfand triple of Hilbert spaces and G4
its Gram operator. Then rant4+ = dom Gi/z and

(f,9)x, = (Gi/zf, Gir/zg);go forall f,g€ domGiL/Q.
In particular, || f|lx, = ||Gi/2f||;(0.

This theorem is basically a consequence of the second representation theorem
for closed sesquilinear forms, see [9, Ch. VI, Thm. 2.23|. However, for convenience
we present a proof.

Proof. Note that dom G4 = dom(:;')*™¢;" is a core of ¢ ' and of Gzz.

For f,g € dom G4+ C dom Gir/Q we have

(G107 9) e, = ()M Fg) s, = (Gafig)x = (GL1.C 92, (©)

and in particular we have |[¢" f||lx, = HGlffHXO for all f € domG+.
Since dom G? is a core, for every f € dom L:Ll there exists a sequence (fn)nen
in dom G+ that converges to f w.r.t. the graph norm of L_T'_l. Hence, we have

G2 (fn = F)llo = 1165 (fn = fn)ll 2y — 0O

for m,n — oo, which implies that (Gzzfn)nem is a Cauchy sequence and therefore

convergent. By the closedness of G1+/2 the limit is Giff. In particular, rant4 =



Vol. 97:1 (2025) Quasi Gelfand triples 23

dom Lil C dom Gl/ ?. The same argument with Gir/z and L:Ll swapped gives equality,
ie,ranty = domLJr = domGl/2

Finally, we can extend (6) to dom Gf by continuity. Q

Proposition 6.3. Let (X4, Xo, X—) be a quasi Gelfand triple of Hilbert spaces. Then
G- =G1".
Proof. Let U: X_ — Xy denote the duality mapping between X_ and X, . Recall
G_ = (Thym =t = ()T
=00 =0T and JSh =000 =0T

Hence, we have

Gll= = v =@ W =) = )™ =6y 0
Corollary 6.4. Let (X}, Xo, X_) be a quasi Gelfand triple of Hilbert spaces. Then

ran._ = dom G/? = dom G;l/z =ran G1+/2.

So far we have shown that there is a self-adjoint positive and injective operator
with dense range for every quasi Gelfand triple. Now the next theorem will show that
also the reverse is true. That is, every self-adjoint positive and injective operator G
with dense range establishes a quasi Gelfand triple whose Gram operator is G.

Theorem 6.5. Let Xy be a Hilbert space and G a self-adjoint positive and injective
operator on Xo with dense range. Then there exists a quasi Gelfand triple whose
Gram operator is G. In particular, if we denote the corresponding quasi Gelfand
triple by (X4, Xo, X—) we have

1 1
ran (4 =domG"? and ran._ =ranG">.

Moreover, G coincides with the Gram operator G4 of (X4, Xo X_), i.e., G = G+.

Note that dense range and injectivity are equivalent for a self-adjoint operator.
Moreover, the density of the range (or the injectivity of the operator) is not really a
necessity as we can always split

Xo =kerG ®rand.

Hence, we just replace Xy with ran G and G with G|m

Proof. We define (f,g)x, = (G f,G'?g)x, and the corresponding norm || f||x, =
G2 f|lx, for f,g € domG"2. Since G*/? is positive (-,-)x, is really an inner
product and |+||x, a norm. Hence, dom G*/? with (-, ), is a pre-Hilbert space and
its completion X is a Hilbert space. We define
Lt { domG? C Xy = X,
= r

Let (HZD . be a sequence in ¢y that converges to [J’i] € Xy X Xy. Then
n

([Gljjgf D is a Cauchy sequence in Xy X Xy, and therefore convergent. The
n neN
closedness of G/ implies f € dom G2 = D and [ 2, } — [ 12 ] This leads

to [|fn — fllx, = IG*2(fn — f)|lx, — 0 and consequently f = g. Now we can apply
Theorem 4.8 and see that there is a space X_ such that (X4, Xp, X—) forms a quasi
Gelfand triple.
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Now we have for f,g € dom G2 =rant, = domGl/2

(@21,.Gg)y = (.9 2, = (GL1,GLg)x,.
Note that dom G C dom G2 and therefore for f € dom G we have
<Gf:g>/\-’o = <Gi,-/2fa :{29>X07

which implies Gi/zf € dom Gzz and G1+/2G1+/2f = Gf. Hence, G C G4. Since both
G and G4 are self-adjoint they have to coincide.
By Proposition 6.3 we have G_ = G;l = G~! and therefore, by Theorem 6.2
for G_,
rant_ = dom G/ = ran G_"* = ran G"°. Q

There is a bijection between the set of quasi Gelfand triples with pivot space
Xp and all self-adjoint positive and injective operators with dense range on Xp, see
Figure 5.

<L+L:_)71
(X+a XO? X*) G
k 1/2
dom G/ =,
Theorem 4.8 X+,L+ < D+7<'7'>X+ 172 ~1/2
completion (@2.a ) Xo

FIGURE 5. Illustration of Theorem 6.5

Since all infinite dimensional separable Hilbert spaces are isomorphic, it is
clear that there exists a dual pairing (-, -) x, ,x, such that also (X, Xp) is a complete
dual pair. However, we can even explicitly write this dual pairing by

1 2
<fag>X+7X0 = <G+/2L+fag> <fa /2L+ g> )
Xy
where G1+/2 L+ denotes the continuous extension of the isometric mapping Gir/z t4: domey C
XJr — Xp.

6.1. Decomposition into two “ordinary” Gelfand triples

In this section we will see that every quasi Gelfand triple of Hilbert spaces can be
decomposed into two “ordinary” Gelfand triples. This means for a quasi Gelfand
triple (X4, Xp, X_) there exist “ordinary” Gelfand triples X1 C X3 C X! and
X% C X¢ C X2 such that

Xp =X, 0X2, X=X oA and X =xlexi
Theorem 6.6. Let (X4, Xo, X_) be a quasi Gelfand triple of Hilbert spaces. Then
there exist two “ordinary” Gelfand triples Xi Cxicxl and Xi C X2 C X2 such
that

Xy =XLaX2, X=X ®X and X_=X'o®X].
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This means that every quasi Gelfand triple (of Hilbert spaces) is the result of
two “ordinary” Gelfand triple that are cross-wise composed.

Proof. We will show the proof in several steps:

1. Step: Decomposition of Xy. Let G4+ be the Gram operator of the quasi Gelfand
triple and Gir/rz its positive square root. Then there exists a spectral measure E for

G}f such that Gi_/Z = fR+ AdE(N). We can decompose Xy into

Xo =ran E((1,00)) @ ran E((0, 1]) .

—.x1 —.x2
=} =3

By spectral theory X = ran E((0,1]) C dom Gj_/z =ranty = Dy, as (0,1] is a
bounded set. We can write every f € Dy as

f=E((1,00)f + E(0,1) f

and since E((0,1])f € D4, we conclude that also E((1,00))f € D+. For an arbitrary
f € &3 C Ap there exists a sequence (fn)neny in Dy such that f, — f w.r.t.
Il x, - Since also (E((1,00))fn)nen converges to E((1,00))f = f by continuity, and
E((1,00))f € Dy, we conclude that X3 N Dy is dense in Xg (w.r.t. ||-||x,). On the
other hand, X2 C D,.

2. Step: Decomposition of X4. For f € Dy we have
1B, 1) £11%, = IIGL* B0, 1]) f]1%
= [ WPaEs [ A, =11,
(0,1] (0,00)
and
IE((1,00)) £, = IGY* E((1,00)) fII%,

- / AP dE, < / NZAES; = 113,
(1,00) (0,00)

Hence, the spectral projections E((0,1]) and E((1,00)) are also continuous on D
with respect to ||-[|x, and we can extend these projections continuously on X.

Note that for f € Dy we have G7?E(A)f = E(A)GY?f for all A in the Borel sets
of R. Hence, we have for f,g € D4

(E((0,1))f, B((1,00)9)x, = (G{*E((0,1)) f, GL*E((1,0))g) xy
= (G+E((1,0))E((0,1]) f, 9) x, = 0,

=0
which implies that the extensions of E((0, 1D|D+ and E((1, OO))|D+ are orthogonal
projections on Xy. Moreover, for f € Xy there exists a sequence (fn)nen in Dy

that converges to f w.r.t. ||-||x, . By the continuity of projections we conclude that
(E((0,1]) fn)nen and (E((1,00)) fn)nen converge and therefore
f= Tim fu = lim B(0,1])fa+ E((1,00)fs
= lim E((0,1])fn + lim E((1,00))fn-

n— o0 n—o0
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This leads to: the extensions of these projections are also complementary. We denote
these extensions by E((0,1])+ and E((1,00))+ and we have

Xt =ran E((1,00))+ @ ran E((0,1])+ .

—.xl —. 2
_AX+ =X

3. Step: Relationship between the decompositions of Xy and X4+ . Note that we have
E((1,00))+ Dy = E((1,00)) D+ = X3 N Dy Furthermore, for f € X3 N Dy we have
IF1%, = IE((1,00)) 1%, = IGL*B((1,50))f %

- AP dEry > inf APIflIRe > Ifl3. (7
RN A T TN

Now for f € X} there exists a sequence (fn)nen in D4 that converges to f w.r.t.

Il 2, and therefore also (fn)neN = (E((1,00))+ fn)nen converges to f w.r.t. ||-||x, .
By (7) we have

I fn = Fnlla < I fn = Fmlly =0,

which implies that (f,)nen is a Cauchy sequence in Xj (w.r.t. ||-|[x,). By the

closedness of ¢4 the limit of this sequence (w.r.t. ||-||x,) has to coincide with f.

Hence, X}r = Xy N D4 and the restricted embedding L+‘X1 : X}r — Xj§ is continuous.
+

On the other hand, since X7 C D, we automatically have XZ C X2, by
construction. Furthermore, for f € XZ we have

191, = 1200, DI, = IGLB(0 1)fI,
— [ rPass < sw WP <17 ®)
(0,1] A€(0,1]

This implies that the inverse embedding L;I restricted to X¢ is continuous, i.e.,

Lf P X2 — X2 is continuous. Hence, we have
0

Xy Ccx? and X[ CAXy
densely with continuous embeddings.
4. Step: Decomposition of X_. Note that for g € D_ we have
1/2 —1/2
gl = 1G"*gllx = 1GZ gl

and additionally by the rules for the spectral calculus we have

= :/ L4E.
(0,00) A

Hence, exactly the same construction as in the second step (replace X+ by X—, D4
by D_, G4 by G_ and |A| by |1|) gives the decomposition

X_ =ran E((1,00))- @ ran E((0,1])— .

—.y1 —. 2
—xl =x2




Vol. 97:1 (2025) Quasi Gelfand triples 27

5. Step: Relation ship between the decompositions of Xo and X_. Again repeating
the arguments of the third step. In particular, for g € D_ we have

1B, Dgl%_ = 1G7*E(0, 1])gll%,

:/ EQdE > inf ‘12||g|2 = llgll;
1A 79 = 2] A o = 19l
and
1E((1,00)gll % = 1G> E((1,00))g]|%,
[ B, < e B oliz, = o2
(1,00) | A P97 xe(oo)| A o = 9l

This implies ¢— 2 : Xi — X2 and =t }Xol : Xy — X1 are continuous. In particular,

we have
X]CX; and Ay C Al
densely with continuous embeddings.

6. Step: Dualities. By Hahn-Banach we can identify (X2)" with X} Moreover,

’xi'
for f € Xy and g € X_ there exist sequences (fn)nen in D4+ and (gn)nen in D—
such that f, — f w.r.t. [|-|x, and gn — g w.r.t. ||-||x_. Hence,

(B0, 1])4/, B(1,00)) ), x- = lim (B((0, 1))+ fus B((1,0))-gu)x, -
im (B((0,1]) fu, B((1,50))gn)x, = 0.

Clearly, we also have (E((1,00))+f, E((0,1])-g)x,,x_ = 0. For ¢ € (X2)’ there
exists a g € X_ such that

¢(f) = <gvf>X7,X+ = <E((071])—g7f>X7,X+ +<E((lvoo))—gvf>?(7,?(+ Vfe X2

=0
Moreover,
(EW0,1])-g, flx_x

H¢H(XE)’ — sup |¢(f)| — S +

fexz\{o} ||fHX+ fex2\{o} ||f||?€+

[(E((0,1])-g, x|
= sup — = B((0,1])-gllx_
rexi\{o} Hf”X+

On the other hand, if (E((0,1])—g, f)x_,x, = Oforall f € X2, then we automatically
have (E((0,1])—g, f)x_,x, = 0 for all f € X, and therefore £((0,1])-g = 0. In
conclusion (X2, X?) is a complete dual pair and (X2, X3, X7) is a quasi Gelfand
triple with the embeddings L+|X2 and ¢_ }Xi Moreover, since ¢ x2 is continuous,

it is even an “ordinary” Gelfand triple (X7 C AF C &x2).

We can show completely analogously that also (X}_, Xg, Xi) is an “ordinary”
Gelfand triple (X} C A3 C A1). Q

Note that this decomposition is not unique as we could have split the space Xp
by any two subspaces ran E(A) and ran E(A®), where (0,¢) C A C R, is a bounded
non-empty Borel set for any € > 0.

Finally, we end with two conjectures
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Conjecture 6.7 (weak). Every pre-quasi Gelfand triple of Hilbert spaces is a quasi
Gelfand triple.

Conjecture 6.8 (strong). Every pre-quasi Gelfand triple is a quasi Gelfand triple.

At least the weak conjecture seems to be true, but all attempts failed so far.
In fact Theorem 5.10 and Theorem 6.6 are the result of failed attempts to prove
the weak conjecture. The strong conjecture seems much more difficult, as a lot of
Hilbert space theory is unavailable.

A positive answer to (at least) the weak conjecture would automatically answer
the question whether the weak and strong definition of boundary trace operators
for differential operators coincide.

Conclusion

We have introduced a generalization of Gelfand triple that does not need continuous
embeddings. This was done by replacing the continuity of the embeddings by
closedness. We showed that Dy N D_, the set that is in the intersection of the quasi
Gelfand triple, is dense in the pivot space Xp.

If we regard quasi Gelfand triples of Hilbert spaces, then we can show that
D4 N D_ is also dense in X} and X_ w.r.t. their norms. Furthermore, we have
shown that there exists a smallest space were we can embed the entire quasi Gelfand
triple structure preservingly.

Finally, we have shown that every quasi Gelfand triple is associated to a Gram
operator and the other way round. This led us to a decomposition of the quasi
Gelfand triple into two “ordinary” Gelfand triples.

We ended with the weak and strong version of the conjecture that every
pre-quasi Gelfand triple is in fact already a quasi Gelfand triple.

One application that we did not cover, that is still worth mentioning: Quasi
Gelfand triples can be used to properly define boundary spaces and characterizing
suitable boundary conditions for partial differential equations that lead to existence
and uniqueness of solutions, see [13].
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Appendix A. Comparison to similar concepts

In this section we want to introduce the notions triplets of spaces and triplets of
closely embedded Hilbert spaces’ and compare them to quasi Gelfand triples. We
will show that all these notions coincide, i.e.,

(X4, Xo, X_) is a quasi Gelfand triple
& (Xg, Ao, X)) is a triplet of spaces
& (Xy, Ao, X)) is a triplet of closely embedded Hilbert spaces.

'We stick to the original naming of the authors, i.e., “triplet” instead of “triple”
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In [6] they investigated the equivalence between triplets of spaces and triplets of
closely embedded Hilbert spaces and gave conditions for their equivalence. Suprisingly,
they did not realize that no conditions are needed.

First we state the original definition of triplets of spaces, which includes some
implicit assumptions on how to understand intersections of different Hilbert spaces
that are not embedded in a common space.

Definition A.1 (Triplets of spaces (original)). Let X}, Xy, X_ be three Hilbert
spaces. We say (X4, Xo, X_) is a triplet of spaces, if the following assertions hold.
(a) D =X NXyNAX_ is dense in each of these spaces.
(b) The sesquilinear form B(g, f) = (g, f)x, admits the estimate

1B(g, Nl < llgllx_ NI fllxy  forall g,feD.

We denote the continuous extension of B to X_ x X still by B.
(c) For every h € X, there exists a unique gn € X_ such that (h, f)x, =
B(gn, f)a, for all f € X4,

However, in order to avoid misinterpretation of the meaning of the intersections
in the previous definition, we introduce the following clarification.

Definition A.2 (Triplets of spaces (clarified)). Let X4, Xy, X~ be three Hilbert
spaces. We say (X4, Xo, X_) is a triplet of spaces, if there exist mappings
ki: domky CXL — Ay and k_: domk_- CAX_ — Ap
linear and injective such that the following assertions hold.
(tosl) Xy N XN X_ is dense in each of these spaces, i.e.,
D =ranky Nrank_ is dense in Ap,
k;l(D) = k;l(ran k4 Nran k_) is dense in X4,
k='(D)=k='(ranky Nrank_) isdensein X_.
(tos2) The sesquilinear form B(g, f) == (k—g, k+ f) x, admits the estimate
1B(g, N < llgllx_|Ifllxy forall g€k (D), f € ki*(D),

where we denote the continuous extension of B to X_ x X, still by B.

(tos3) For every h € Xy there exists a unique g € X such that (h, f)x, = B(g, f)
for all f e Xy.

For one direction of the equivalence between quasi Gelfand triples and triplets
of spaces we are already prepared.

Lemma A.3. Let X, Xy, X_ be Hilbert spaces. If (X1, Xo, X_) is quasi Gelfand
triple, then (X4, Xo, X_) is a triplet of spaces.

Proof. Note that since every quasi Gelfand triple is structure preservingly embedded
in Z_ (Theorem 5.5), we can omit the embedding operators. However, if we would
like to be more precise we would just define ky = ¢y and k— = ¢_.

Theset D =X NXoNX_ = DN D_ is dense in X} and X_ by Corollary 5.1
and dense in Xy by Proposition 4.12. Furthermore,

1B(g, )| = g, F)xo| = [{g: e x| < llgllac_ 1 f 1l - o
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The reverse direction needs more attention. Especially, because the notion of
triplets of spaces leaves room for ambiguity. Hence, we first want to highlight what
we mean by this ambiguity.

Example A.4. Let w: (0,1) — (0, 00) be a measurable and (essentially) unbounded
function such that also 1 is (essentially) unbounded, e.g., w(z) = =% and
v: (0,1) = (0,1) be a measurable and (essentially) bounded function such that also

L is (essentially) bounded, e.g., v(z) = %. Then we define weighted L* spaces
Xy =L*((0,1),wdA), Xo=L*((0,1),vdA) and X_ =L*((0,1), L dA),

where A denotes the Lebesgue measure. It is straightforward to show that (X4, X_)
is a (complete) dual pair with the dual pairing (g, f)x_,x, = f(o 1y 9. dA. Note that

the intersection of all these spaces contains CZ° ((07 1)) which is dense in all of these
spaces. Moreover,

B(g. 1) = (g, Ny = / LgwFodh < folloolgllx_ 111,

(0,1) 2
Hence, (X4, Xo, X—) is a triplet of spaces. However, this is true for every v and
therefore the space Xp—or more precisely its inner product—is not uniquely deter-
mined. In order to obtain a quasi Gelfand triple we either have to choose a different
(but equivalent) inner product for Xy or for X_.

The previous example shows that in general we have to expect the necessity
to replace the inner product in X4, Ay or A_ by an equivalent inner product in
order to obtain a quasi Gelfand triple.

Although the previous example suggests to change the inner product in the
“almost” pivot space Xy, in our approach it is more convenient to change the inner
product (norm) in X_. In the case of Example A.4 this would mean that we replace
X_ with L? ((0, 1), ﬁ d/\)7 which is the same space with an equivalent inner product
(norm).

Lemma A.5. Let (X4, Xo, X_) be a triplet of spaces and D = rank4 Nrank_. Then
the continuous extension of

k_g ki f)x
HQHK\AQ — sup |< ‘gf| +f> 0|
fek M (D)\{0} [l

is an equivalent norm on X_. In particular ||g|| 5 equals the operator norm of B(g, )
forallge X_.

Proof. By the definition of B and the density of k;l(D) in X4 we have for g €
k=(D)
[B(g, f)l |B(g, f)l

lollz_ = sup |f7: sup T:”B(QN)H-
fekll(D)\{O} |||X+ fexy\{o} | |X+

Consequently, X_ 3 g + ||B(g, -)|| is indeed the continuous extension of k='(D) >
g~ |lglls - Note that since B(g,-) is a bounded antilinear mapping there exists

(tos2)
an hg € X+ such that B(g7') = <hg7'>X+' Hence, ||g||)‘(\, = thHX+ < HgHX,

and the mapping g — hgy is bounded. Since by item (tos3) this mapping is also
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bijective, the open mapping theorem implies that is is boundedly invertible. Therefore,
lhgllx, > cllglls  for some ¢ > 0, which leads to

cllglix_ < llhgllxy = llgllz_ = llhgllx, <llgllx_. u

Lemma A.6. If (X4, Xo, X_) is triplet of spaces, then (X4, Xo, X_) is a quasi Gelfand
triple, where X_ = X_ equipped with the equivalent norm ||-||5  from Lemma A.5.

Proof. For g € X_ and f € X+ we define
<g7f>)/(\7’X+ = B(g7f)

By the definition of the norm of X_ and (tos3) this is a dual pairing for (X, X_)
and therefore (X, X_) is a dual pair. Note that Il 5 is equivalent to ||-||x_ by
Lemma A.5.

We will apply Proposition 3.9 on the embedding 71 = k4 to show that this
mapping is closable: Corresponding to i+ there is D_ (Definition 3.3), which is a
superset of D and therefore dense in Xy and X_. Hence, item (iv) of Proposition 3.9 is
satisfied and consequently &, is closeable. Hence, we define 1y = ky and t_ = (Lf,_l)*,

where the adjoint is taken w.r.t. the dual pairs (X4, X_) and (Xo, Xp). Note that
t— is an extension of k_.? For f € dom¢; and g € dom(_ we have

9Nz x, =005 Do x, =5 90 Fx = (-9, 14 ) o

Finally, dom:} = ran:_ holds true by construction of ., which implies that
(X4, Xo, X_) is a quasi Gelfand triple. a

Theorem A.7. Let Xy, Xo, X— be Hilbert spaces. Then (X4, Xo, X-) is a triplet of
spaces, if and only if (X4, Xo, X_) is a quasi Gelfand triple (up to an equivalent
norm on X_)

Proof. This is the result of Lemmas A.3 and A.6. a

Definition A.8 (Triplets of closely embedded Hilbert spaces). Let X4, Xy, X_ be
Hilbert spaces. Then we say (X4, Xo, X—) forms a triplet of closely embedded Hilbert
spaces, if the following conditions are satisfied.

(thl) There exists a linear operator j4+: domji C X1 — Xy that is densely defined,
injective, closed and ran j; is dense in Xp.

(th2) There exists a linear operator j—: domj_ C Xy — X_ that is densely defined,
injective, closed and ranj_ is dense in X_.3

(th3) dom ji C domj_ and for every h € domj_ C Xy we have
|<j+f7 h> Xo'
11,
Proposition A.9. Let Xy, Xo, X_ be Hilbert spaces. Then (X4, Xo, X_) is a triplet

of closely embedded Hilbert spaces, if and only if (X4, Xo, X_) is a quasi Gelfand
triple.

li_hllx. = sup{

fedomjy, f# 0}-

2We did not just regard k_, because we do not know whether Conjecture 6.8 holds.
3Note that here j_ maps in the reversed direction compared to +_ in the definition of quasi
Gelfand triples.
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Proof. Let (X4, Xy, X—) be a triplet of closely embedded Hilbert spaces. Then we
define vy = j4 and ¢ = j_'. By item (th3) we have

[(e—g, 4N ol < lgllx_[Ifllx,  for f € domeiy,g € dome.

Hence, we can extend the sequilinear form (g, f)x_,x, = (t—g, 1+ f)x, by continuity
to X_ x Xy. This sequilinear form is a dual pairing of Xy and X_ which leads to
(X4, X-) is a dual pair and (X4, Xo, X_) is a quasi Gelfand triple.

Let (X4, Xy, X_) be a quasi Gelfand triple. Then we define j; = ¢y and
j— = 12" and we immediately obtain that (X.,Xo, X_) is a triplet of closely
embedded Hilbert spaces. a

Appendix B. Auxiliary results

The next lemma is also true for general linear relations. However, since densely
defined linear operators are enough for our purpose we restrict ourselves to these
operators, also to use commonly known techniques.

Lemma B.1. Let (X1, Y1), (X1, Z1), (X2,Y2) and (X2, Z2) be dual pairs and ¥ : Y1 —
Z1 and Wa: Yo — Zs be the isomorphisms between Y1 and Z1, and Yo and Za, re-
spectively. Then for a densely defined linear operator A from X1 to Xo we have (as
illustrated in Figure 6)

A*Z2x21 — Py A*Y2x71 \112—1.

A*ZZXZI
Z1 Za
A A
\4 \4
ot ey Ty |wyt
A A
v N v
ATYo XYy
Y1 YZ

FIGURE 6. A*%2xZ1 = WUy A*Y2xn \II;I

Proof. Let zz € Z» be such that W51z € dom A*Y2x¥1, Then
(A1, 22) x0.20 = (Az1, U5 " 22) X0 vs
= {x1, A™V2XN \I’glzg)xl,yl
= (21, U1 A2 U 20 ) 2,
This implies U1 A*Y2x¥1 \112_1 C A*22xZ1, The same steps with Z> and Z; replaced
with Y2 and Y3 yield the reversed inclusion. a

The next result can be found in [11, Prop. 3.18] for operators or in [1, Lem. 1.5.§]
for linear relations.

Theorem B.2 (J. von Neumann). Let T be a closed linear operator from the Hilbert
space X to the Hilbert space Y. Then T*T and TT™ are self-adjoint, and (Ix +T*T)
and (Iy +TT™) are boundedly invertible.
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Note that here the adjoint T is calculated with respect to the “natural” dual
pairs (X, X) and (Y,Y), i.e., T* = T*Yxx,

Lemma B.3. Let T be the operator from the previous theorem. Then domT*T is a
core of T.

A proof can be found in [11, Prop. 3.18].

In the next proposition we will look at the situation where we deal with Hilbert
spaces, but work with another dual pair. We will denote the adjoint with respect
to the canonical Hilbert space dual pair by *}, and the adjoint with respect to the
other dual pair by *g4.

Proposition B.4. Let X, H be Hilbert spaces, (X,Y) be a complete dual pair
and T: domT C X — H be a densely defined and closed linear operator. Then
TT: domT™T C X — Y is self-adjoint, i.e., (T*T)*d = T*4T. Moreover,
dom T*4T is a core of T.

Proof. For xz,y € domT*4T we have
(IT"Tz,y)y,x = Tz, Ty)n = (z, T Ty)xv,

which leads to T4T C (T*4T)*d.

By Theorem B.2 we already know that T**T is self-adjoint. Let ¥: X — Y
the duality mapping, i.e., (Vz,y)y,x = (z,y)x for z,y € X. Then T*d = ¥T™h
(by Lemma B.1) and therefore 77T = WT™»T. Now for € dom(T*4T)*d and
y € domT*4T = dom T**T we have

(WHTT) e, y)x = (THT) 2, y)v,x = (v, T Ty)x,y
= (2, U ' Ty)x = (z, T Ty)x.

=T%*h

This implies U~ (T*aT)*a C (T*vT)*» = T*»T and applying ¥ on both sides gives
(T*4T)* C UT*»T = T*4T.

The last assertion follows from dom7*¢T = dom T**T and domT**T is a
core of T, a
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