CHARACTERIZATIONS OF THE SOBOLEV SPACE H! ON THE
BOUNDARY OF A STRONGLY LIPSCHITZ DOMAIN IN 3-D

NATHANAEL SKREPEK

ABsTRACT. In this work we investigate the Sobolev space H! (99) on a strongly
Lipschitz boundary 09, i.e., £ is a strongly Lipschitz domain (not necessarily
bounded). In most of the literature this space is defined via charts and
Sobolev spaces on flat domains. We show that there is a different approach via
differential operators on €2 and a weak formulation directly on the boundary
that leads to the same space. This second characterization of H!(9Q) is in
particular of advantage, when it comes to traces of H(curl, ) vector fields.

1. INTRODUCTION

We will give two characterizations of H(9€2), where Q is a strongly Lipschitz
domain (not necessarily bounded). The first is given via charts, which is the usual
approach in literature, and the second is a weak characterization directly on the
boundary, which is related to the weak characterization of an L2(92) tangential trace
for H(curl, Q) fields. For bounded 2 there are more alternative characterizations
of HY(09), e.g., by the Moore-Penrose pseudoinverse in [TCT19] or by Steklov
eigenfunctions in [Auc06].

Our main motivation is that the result we present serves us to fill details in
[Cos90, Proof of Thm. 2|, [BBBCD97, Section Le cas tridimensionnel], [BCS02,
Proof of Thm. 5.1] and [Mon03, Proof of Lem. 3.53], where it is used. Unfortunately,
without an explanation or a reference for its validity. Hence, we decided to address
this issue.

In particular, if we regard an f € H'(Q), then Vf € H(curl, Q) follows automati-
cally (because curl Vf = 0). Every element of H(curl, Q) possesses a tangential trace
in an abstract boundary space and therefore also V f possesses a tangential trace.
For smooth functions the tangential trace is well defined as an element of L2(92)3.
Moreover, for a smooth function the tangential trace of its gradient field coincides
with the boundary gradient of its restriction to the boundary, see Lemma 3.4. This
suggests the following claim.

Claim A. Let f € H!(Q). If the tangential trace of Vf belongs to L2(99Q)3, then
f’aﬂ belongs to H! ().

However, there are two approaches to define “the tangential trace belongs to
L2(02)3”: The strong approach via limits of smooth functions and the weak approach
via a representation by an L2(9)) inner product. For the strong approach it is
not hard to show that Claim A is true. However, it is more relevant to answer
the question for the weak approach. Hence, we regard the claim with the weak
characterization of L? tangential traces (Definition 4.1).
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In fact both [BBBCD97| and [Mon03] are using Claim A (with weak L? tangential
traces) to prove that both approaches (strong and weak) to L? tangential traces
lead to the same objects, i.e., weak = strong. Hence, in order to avoid a circular
argument we have to resist the temptation to prove Claim A for strong L? tangential
traces and conclude it for weak by “weak = strong”.

In order to avoid the introduction of unnecessarily many concepts, we broke down
the question to its core, which is an alternative approach to H!(9), see Definition 3.6.
Hence, we do not need the space H(curl, 2) and the abstract tangential trace at all,
although these notions are the origin of the question. Nevertheless, in Section 4 we
come back to the original question and show that Claim A holds true.

2. STRONGLY LIPSCHITZ BOUNDARIES

Recall the definition of a strongly Lipschitz domain, see, e.g., [Gri85].

Definition 2.1. Let © be an open subset of R%. We say € is a strongly Lipschitz do-
main, if for every p € 02 there exist €, h > 0, a hyperplane W = span{w;, ..., wq_1},

where {w1,...,wg_1} is an orthonormal basis of W, and a Lipschitz continuous
function aw : (p+ W) NBe(p) = (—%, 2) such that

9NN Cen(p) ={z+aw(z)v|z € (p+W)NBc(p)},
QNCepnp) ={z+sv|z e (p+W)NBp),—h < s <aw(z)},

where v is the normal vector of W and C. ;(p) is the cylinder {z + dv|z € (p+
W) N Bs(p)a d€ (_h7 h)}
The boundary 912 is then called strongly Lipschitz boundary.

Note that the condition |aw| < % is not really necessary, however it reduces
technical constructions. If it was not already satisfied, we can force it by shrinking
€.

Cen(p) W

; /

FiGURE 1. Lipschitz boundary

Locally the boundary is given by the graph of a Lipschitz function, see Figure 1.
Therefore, we can define Lipschitz charts on 052 in the following way. Let p, Ce 1 (p),
W, v, a be as in Definition 2.1. We will also denote the matrix that contains the
orthonormal basis of W as columns by W, i.e., W € R¥*(4=1) Hence, the mapping
¢ + WT( gives the coordinates (w.r.t. the basis wy,...,wq_1) of the orthogonal
projection of ¢ on the hyperplane W. We introduce a strongly Lipschitz chart locally
at p by

B.(0) C RI-1L,

o { P0Ca) = B
' = WT((—p).

¢
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We say that I' := 9Q N C. 1, (p) is the chart domain of k. Also every restriction of a
chart to an open non-empty I' C I (w.r.t. the trace topology) is again a chart with
chart domain I'. The corresponding inverse chart is given by

k*l . { BE(O) g Rdil — aQ ﬂ Ce,h(p),
' T = pTt Z?;l xw; + aw (p + Z?;ll Tiw;)v.

In the case where k is a “restricted” chart, we have k~': U — f‘, where U is
an open non-empty subset of B.(0) in R?~!. For notational simplicity we define
a: UQRd_l—HRby

d—1

a(x) = aw (p + Z_: xlw,)

Note that in fact W, v and p establish an alternative coordinate system with
origin p. Hence, by translation and rotation we can, most of the time, assume
(w.lo.g.) that W = (e1,...,e4-1), v = eq and p = 0. This will also better transport
the essence of our ideas. In this coordinate system we have

G G
k =1 : and k! (z) = [a(ﬁ’)} .
Cd Cd—1

However, sometimes it is not entirely obvious that we can reduce the general setting
to this situation or the justification that such a reduction is valid is as difficult as
working in the general setting in the first place. Hence, for completeness we will
repeat the tricky parts for the general setting in the appendix.

Note that k= is Lipschitz continuous—since a is Lipschitz continuous by assump-
tion—and therefore k~! is a.e. differentiable by Rademacher’s theorem, see, e.g.,
[AFP00, Thm. 2.14]. In particular, k=t € W1°°(U) and therefore dk~! is a bounded
multiplication operator on L2(U). Hence, if we don’t write arguments (of functions),
then we regard the functions as L? objects and omit the comment “a.e.”.

Let k: I' — U be a strongly Lipschitz chart. The surface measure on 0f2 is locally

given by
w(Y) = / det(dk—1)Tdk=1dA4—; for T CT,
k()

where Ag_; is the Lebesgue measure in R%~!. The surface measure is then defined by
a partition of 0. By Lindel6f’s lemma there exists a countable partition, see, e.g.,
[Nag85, Ch. 3 § 4]. If 99 is bounded then there exists even a finite partition. The
surface measure is independent of the partition and the charts, see Proposition B.4.
Hence, we can switch between the inner products of L?(I") and L2(U) by

_ -1 —I\TAr—1 -1
<f,g>Lz(F)7<fok ,/det(dk—1)Tdk1 g ok >L2(U).

Note, if 992 is unbounded and f is integrable, then (by monotone convergence)

lim fdu = / fdu,
T Jo0NB,.(0) o0

where B,.(0) is the ball in R%. In particular for every e > 0 there exists an 7 > 0
such that USQ\B,,(O) fdp| <e
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3. PREPARATION AND MAIN RESULT

We will use for spaces with homogeneous boundary conditions the same notation
as in [BPS16]: For an open set M C R¢ we denote the set of C* functions with
compact support in M by

(OZ‘OO(M) = {® € C*(R?) |supp® C M and supp ® is compact}.
Moreover, we denote the standard L?(M) first order Sobolev space by H!(M) and
H (M)

HY (M) = (M)
The circle on top of H!(M) indicates homogeneous boundary conditions.

In the following we assume Q C R? to be a strongly Lipschitz domain. Moreover,
we will assume that the strongly Lipschitz charts k: I' C 9Q — U are of the following
form

U — T,
kL M 1
- g T2 s
2 a(z1,w2)

where U is an open subset of R? and a: U — R is a Lipschitz continuous mapping.
The outward pointing normalized normal vector (as an element of L*°) is then
locally given by
1 —61(1
vokl= —n | —0ha

V1+1Val? 1

In Appendix A we show, which modifications have to be done when we work with
“general” strongly Lipschitz charts. We could also do everything for “general” strongly
Lipschitz charts in the first place, however it does not transport the underlying ideas
that well. Also we did not want to just say that we can always reduce everything to
these “special” strongly Lipschitz charts, as sometimes it is not obvious how this
“w.l.o.g.” is justified.

Lemma 3.1. Let k: I' — U be a strongly Lipschitz chart. Then
det ((dk™")Tdk™") =14 || Val.
Proof. Note that
1 0

dk'=10 1 and (dk~H)Tdk™! = [1 O] + [81“] [Oia Oaal .
81(], 820, 0 1 (920/

Ora(z)

Hence, Lemma C.1 applied to v = |:82a(w)

] for a.e. x € U implies the claim. a

Recall the Moore-Penrose inverse: For an injective matrix A it is given by
AT = (ATA)~TAT. Our first approach to the first order Sobolev space on 9% is
well-known, see, e.g., [BCS02, beginning of Sec. 3], [Gri85, Def. 1.3.3.2] or [Ne¢12,
after Ch. 2, Thm. 4.10].

Definition 3.2. Let  be additionally bounded and f € L%(99Q). We say f €
H(09Q), if for every strongly Lipschitz chart k: I' — U we have f o k=t € HY(U).
The tangential gradient is then defined by

(Vo h)|p = [A(f o k™) (A ™)T] ok = [(dk™)T Vga(f o k™Y)] o k.
We endow H!(9Q) with the following norm

1l 00y = /1122 oy + 1V 122 0
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Note that, if the previous definition is true for a set of charts whose chart domains
cover 0f), then it is already true for all charts. Moreover, the definition of the
tangential gradient is independent of the chart, see Proposition B.3.

Furthermore, note that the previous definition is fine, if we regard bounded
domains 2 or their complements (finitely many charts cover the entire boundary).
However, if we deal with domains 2 with unbounded boundaries (the boundary
cannot be covered by finitely many charts), then local integrability does not lead to

global integrability. Hence, we need to add an extra assumption to the definition of
H(09).

Definition 3.3. Let f € L2 _(09). We say f € HL _(99), if for every strongly

loc loc

Lipschitz chart k: I' — U we have f ok~! € H(U). The tangential gradient is then
defined by

(Veh)|p=[d(fo k:*l)(dlfl)T]T ok = [(dk*l)TTsz(f ok 1] ok.

We say f € H(0Q), if additionally f € L?(0Q) and V. f € L?(0Q)%. We endow
H!(99Q) with the following norm

1100y = /£ 122 00) + IV 122 00)-

Note that for a.e. ( € 92 the tangential space is spanned by the columns of
dk=1(k(¢)). We denote the space of all L?(9) vector fields that are pointwise a.e.
in the tangential space by

L2(0Q) == {g € L>(0Q)% |v - g = 0}.

By construction V., f belongs to L2(9€2). This can be seen by
(v -Vof)ok ' =vok ™ dk (k) Tdk™) ' Ve(fo k™) =0,

because v o k=1 L dk~! by definition.
The orthogonal projection on L2(92) is given by ¢ +— (v x ¢) x v. For a

Qe éoo(R3)3 we define the tangential trace by
Q= (VX Ql,,) XV

For smooth functions F € (OJOO(]RS) the next lemma shows that the tangential
gradient on 02 matches the tangential trace of the volume gradient on €.

Lemma 3.4. For F € (OJ‘OO(RS) we have F|89 € H(0Q) and
VT(F|6Q) = (v x (VF)’aﬂ) x v =mn;VF.

Proof. Note that supp F' is compact by assumption, therefore also supp F’ | o 18
compact and we need only finitely many charts to cover supp F’ | o Consequently,
it is enough to show that F|,, is in Hj  (9%).

Let k: I' — U be an arbitrary strongly Lipschitz chart. Then F|, 0k~ = Fok™*
belongs to H!(U) by the chain rule. The tangential space at a.e. ¢ € I is given by
the columns of dk~!(k(¢)). By construction the normal vector v(¢) is orthogonal
on this space. By Definition 3.3 and the chain rule we have

(VF ) | = [d(F o k™ 1)(@k™)1 T o k = [(dF o k™) dk™" (dk~)] T o k.

Note that by Lemma C.3 the matrix dk~!(dk=1)T 0 k(¢) is the orthogonal projection
on randk~1(k(()) for a.e. ¢ € I'. In particular this matrix is symmetric. Moreover,
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by Lemma C.2 also (v(¢) x +) x v(¢) is the orthogonal projection on the same space
for a.e. ( € I'. Hence,

(VF|oo) | = (@™ (k)T o k)(VF o k™) ok = (dk™ " (dk™")T o k) (VF)|,
= (v x (VF)|p) xv= (7, VF)|.. a

Lemma 3.5. Let F € éOO(RS) and ® € é‘x’(R3)3. Then

(meVE Y X @|50)12000) = (Flog v - (@l @)|p0) 1250

Proof. By the integration by parts formula for curl and div-V we have
(m-VF,v x <I>|BQ> = (VF,curl @)1y — (curl VF,<I>>L2(Q)
_0
—(F, divcurl ®)y2(q) + <F|aQ’ (curl @) |aQ>
=0

<F}BQ’ Cur]‘b |89>L2(3Q)' Q

L2(99)

L2(99)

The previous lemma motivates the following alternative definition for L2(9)
elements that possess a tangential gradient in a weak sense.

Definition 3.6. Let Q be a strongly Lipschitz domain. Then we say f € H! (09),
if there exists a ¢ € L2(99) such that for all ® € C>(R3)3

(g,v x (I)|89>L2(d§l) (f;v - (curl (I))|BQ>L2(BQ)'
Moreover, we say VTf =q.

Our goal will be to show that the space H'(9Q) coincides with H'(9Q). By
Lemma 3.5 we see that F|,, € H'(9Q) for every F' € C(R?).

Theorem 3.7. The set {<I>|69 |® e é“(Rd)} is dense in H'(9Q) w.r.t. [|*][m (o0)-

Proof. We will divide the proof into four steps. The first step is only needed, if 92
is unbounded.

1. Step: Reduce problem to finitely many charts. Let f € H'(952). Then we can
approximate f by a cutoff version of f w.r.t. |||l (sq) in the following way. For

given € > 0 we choose > 0 so large that for I, := 90 N B,.(0) and I't = Q2 \ B,.(0)

1 1
2 2 €
e+ 19wy = ([ W)+ ([ ivaian) < £,
OB (0) H9\B,-(0)

where B,.(0) is the ball in R?. We choose a cutoff x € (Ojoc(Rd) such that
0<x <1 [Vxllo <1, suppx CB2(0), and x|y o =1
Then we define f, = xf. It is easy to check that f. € HY(9Q) and V. f. =
(Vox)f + xV.f. Hence, we have
If = frllaroo) < I = fellezoo) + VA = Ve frlliz o)
= If = xfll2o0) + V- f = (VeX)f = XV- fllLz00)
Note that x =1 and V,x = 0 on B,.(0), therefore, we further have
= lf = xflle2ey IV f = (Vex)f = XVr fllLzre)

€
<3(||f||L2(FG)+ HV f||L2(FG)) 9"
Hence, it is left to approximate f,., whose support is compact. In particular

Supp fr coan BT+2(O)'
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2. Step: Approzimate in local coordinates. By the definition of a strongly Lipschitz
domain we have for every ¢ € 09, a hyperplane W, a cylinder C ;(¢) (¢ and h
depend on (), and a chart k: I' — B(0), where I' = 0Q N C¢ 5,(¢). Hence, we can
cover supp fr C 90 by UCEsupp i Ce n(¢) and since supp f, is compact, there is a
finite subcover ., Ct, », (p;). We employ a partition of unity and obtain (a;)™,
subordinate to this subcover, i.e.,

o € (OJOO(C’Ehhi(pi)), a;(¢) €10,1], and Zai(g) =1 forall ¢ €suppf,.
i=1

For f, we define f; = ai‘ o0 fr- 1t is straightforward to show that also f; € H(09).
We define T'; = 00N C, 5, (p;) and the corresponding chart k;: I'; — B, (0) C R4~1.
Note that o | a0 has compact support in I';. Therefore, f;ok; ! has compact support
in B, (0) and f; o k; ! € }Oll(Bei (0)). This implies that there exists a sequence
(@in)nen in (O]‘X’(Bsi (0)) that converges to f; o k; ' w.r.t. ||+l (s, (0))-

€

3. Step: Lift local approzimation to R?. We define an extension of ¢; ,, on R? with
support on a strip by

()= (2

in the general coordinates. Hence, ®;,, € C*°(R?). Note that we do not want that

) or ®;,(¢) = Soi,n(WT(C —Di))

supp ®; , intersects 92 outside of I';. Thus, we multiply ®; , by a suitable ek

cutoff function that is 1 in a neighborhood of T'; (for all n € N the same cutoff
function). Consequently, we even have ®; , € C®(R).
By construction we have <I>i7n‘r_ i’"’asz — fi in HY(092). Now

we define @, = > ®; , € (OJOO(]Rd) and obtain (I)"’aﬂ — fr in HY(09).

= @inok; and @

4. Step: Finish. Finally, we choose n € N so large that || f, — @, |1 (90) < §. Then
we have

If = ®Pnllar o) < If = frllar o) + 1 fr — Pullara0) < e a

The density of {<I>|89 |® e oo (R4)} implies that every f € HY(92) is automati-
cally also in H'(8Q), as the following corollary shows.

Corollary 3.8. H'(99) C HY(8Q) and V., f =V, f for all f € H'(09).

Proof. Let f € HY(92). Then by Theorem 3.7 there exists a sequence (F},)nen in
C°°(IR3) such that F"|as2 — fw.rt. |||z a0). Hence, by Lemma 3.4 and Lemma 3.5
we have for every ® € C°°(R3)

<v7-f, v X (I)>L2(8Q) = nli}H;O<VTF7L v X (I)>L2(QQ) = nILHéO<7TTVFn7 v X (I>>L2(8Q)

P

= lim <Fn|aQa v- (CUI‘I (I))|aQ>L2(BQ) = <f7 v- (CuI‘l @)|89>L2(89)7

n— oo
which implies f € H'(8Q) and V. f =V, f. Q

The next two lemmas are the foundation of the main result (for general strongly
Lipschitz charts their analogies are Lemmas A.1 and A.2). The second of these
lemmas gives a lifting of a smooth function ¢ on a flat domain in R? to a smooth
function ® on R? such that the twisted tangential trace of the lifting ® equals the
tangential field that corresponds to ¢ (i.e., dk~1¢p). This automatically gives an
identity for the R? divergence of ¢ in terms of ®.
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Lemma 3.9. Let k: T' — U be a strongly Lipschitz chart. Then for every ¢ €
C*°(U)? we have

1 P2
dk7lo = (vo k™) x | =
\/det (dk=1)Tdk=1) 0

Proof. The following calculation proves the claim

®2
(vok ™) x | —¢y
0
0 —-uv3 1 Y2 0 Rz
= | v3 0 —wvi|ok ™ |—pi|=pa|vs|okTl—p| 0 |0k
—Ul2 %1 0 0 it %) %1

1 1 0 1

+po | 1

- 1 0 =
V1+[Val? oa O \/det ((dk—1)Tdk~1)

dk~te.0

Lemma 3.10. Let I' C 99 be a chart domain and k: T' — U a strongly Lipschitz
chart. Then for every ¢ € C*°(U)? there exists a ® € C®(R3)3 such that we have

P2
<I>|F =|—p1| ok and ‘I>|8Q\F =0
0
on the boundary, and
dk o =y /det ((dk—1)Tdk—1) (v x @) 0 k™, (1)
divge ¢ = —/det (dk=)Tdh~1) (v - curl ®) o k™" 2)

Proof. We define

UxRCR?® — C3,

&- G1 ©2(C1,¢2)
' G|l = | =i, ¢)
(3 0

Since ¢ has compact support in U we can extend d outside of U x R by 0. Moreover
we choose an € > 0 such that the ball with radius 2¢ around I' satisfies

By (T) Nsupp ® N (9Q\ T) = 0.

Finally, we choose a cutoff function y € (OJOO(RS) such that X|B o = 1 and
X’BQ e = 0 and we define ® := y®. Hence, @‘BQ\F =0.

(z1,72)
By construction we have ® o k=1 (z1,20) = [%l(;h;)]. Thus, Lemma 3.9
0

implies (1).
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Note that locally around I" we have ® = [_?1} and 03¢ = 0. Hence, we have

_01a_ [ 0 —83 82 ©2
-1+ ||Va|?v-curl® = |[da| - | O3 0 =01 |—¥1
S I A R
(91@ 83@1
= |Oaa]| - D302
=11 [—01p1 — Oappo
= 81a 83<,01 + Ooa 032 + 0101 + Oapa = divgz . U
~

Finally, we come to the main result, that proves that both presented approaches
(Definition 3.3 and Definition 3.6) to the first order Sobelev space on 92 lead to the
same space.

Theorem 3.11. HY(8Q) = HY(8Q) and V. f = V. f for dall f € H(8Q).

Proof. We have already shown H!(9Q) C H'(9) in Corollary 3.8. Hence, it is left
to show the reverse inclusion.

Let f € HY(9Q), i.e., there exists a ¢ € L2(99)? such that
{(q,v x @]89>L2 09 = (f,v (cur1q>)|aQ>L2(am for all ® € C*(R3)® (3)

Let I' C 99 be a chart domain, U C R? open and k: I' — U a strongly Lipschitz
chart. For an arbitrary ¢ € C*°(U) we define ® as in Lemma 3.10. Then we have

— (fo k™", divge @)12(1)
@ <f ok, \/det ((dE=1)Tdk=1) (v - curl @) o k1>

L2(U)
(3)
= <f7V'Curlq>|asz>L2(r - <f’V'Curl(I)’asz>L2(asz) (0,7 % ®|y0) L2(09)

=(qvx®o ) gok™ det (dk~H)Tdk=1) (v x ®) o k™
oQ/12(T) — g DTdk=1)( ) !

(1) 1 1 _
= (qok™", dk 90>L2(U) = ((dk NT(gok™), >L2(U)
Hence, f o k=! € HYU) and V7f|r = q|F. Since this is true for any chart k

we conclude f € Hi (09) and V.f = ¢ = V,f. Since ¢ € L2(92) we conclude
f e H(59). Q

L (U)

4. BACK TO THE ORIGINAL QUESTION

In order to verify Claim A we will recall the basics about H(curl, Q), see, e.g.,
[Mon03, Section 3.5].
First of all, we define the space

H(curl, Q) = {EF € L2(Q)* |curl E € L*(Q)3}.

where we understand curl E a priori in a distributional sense. Note that a straight-
forward calculation gives curl VF = 0 for all F' € é“(RS). Hence, by continuity
this passes on to F' € H!(2). This leads to VF € H(curl, Q) for all F € H'(). The
integration by parts formula for curl for smooth functions FE, H € (OJOO(]R?’)3 reads
as follows

(E,curl H)12q) — (curl E, H) 120y = <7T7-E v X H|aQ>L2 29)°
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This motivates the following weak definition of L? tangential traces for H(curl, Q)
elements.

Definition 4.1. We say E € H(curl, ) possesses a (weak) L? tangential trace, if
there exists a ¢ € L2(99) such that

(B, curl ®)12q) — (curl E, ®)12q) = (q,v X @‘BQ>L3(3Q) forall @ € éoo(R3)3.
We say then ¢ is the (weak) tangential trace of E, i.e., 7, F = gq.
Theorem 4.2. Let F € H'(Q) be such that VF possesses a (weak) L? tangential
trace. Then F’an € HY(09Q) and n,VF = VTF|8Q.
Proof. Let q € L2(09) be such that ¢ = m, VF. By the integration by parts formula
for curl and div-V, we have for an arbitrary ® € C*°(R3)3
(q,v x ®|,)L2(00) = (VF,curl ®)2(q) — (curl VE, ®)12(q)
=0
= —(F, divcurl ®)2(q) + <F|aQ’ v- (curl¢)|39>L2(aQ)
=0
= <F’ag’”' (Cur1¢)|GQ>L2(BQ)'

Hence, F |0Q satisfies all requirements of Definition 3.6, which implies, by Theo-
rem 3.11, F|,, € H'(8Q). In particular we have

7 VF =q=V.F|,,=V.F|,,. 0
5. CONCLUSION

With Theorem 3.11 we have shown that both presented approaches to H!(92)
agree. Moreover, Theorem 4.2 answers the question about the validity of Claim A,
that started the whole discussion, positively. Hence, we provide the details that
are used in [Cos90, Proof of Thm. 2|, [BBBCD97, Section Le cas tridimensionnel],
[Mon03, Proof of Lem. 3.53|, and [BCS02, Proof of Thm. 5.1].
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APPENDIX A. DETAILS FOR GENERAL HYPERPLANES

Note that in the setting with a general hyperplane W = span{wy, ws}, where w;
and wy are an orthonormal basis of W, and its normal vector v we have
. UCR? — T,
' (x1,22) —  p—+x1w + T2wa + alx1, T2)0.
Hence,
dk’_l = [’LUl + 81&1) wo + 820,’[)]
and the normal vector on the tangential space is locally given by
1
vok ™l = ————(—81aw; — Bsawsy + v).
\/1+||Va||2( )
Moreover, we have
—IN\T -1 _ 1 + (81a)2 61a82a _ 1 0 61@
(k=) "dk™" = dradha 1+ (D)2 ~ |0 1 + ha [31(1 aga] .
and therefore Lemma 3.1 follows also for general strongly Lipschitz charts:
det ((dk™")Tdk™") =14 || Val.

We show the modified Lemmas 3.9 and 3.10 for general strongly Lipschitz charts



SOBOLEV SPACES ON A STRONGLY LIPSCHITZ BOUNDARY 11

Lemma A.1l. For ¢ € (OJOO(U)2 we have

dk™lp = \/det ((e=1)TdE=1) (v o k™1) X (pawr — pruws),

where the orthogonal basis {w1,wq, v} is chosen such that wy X we = v (if this is
not already true we relabel wy and ws).

Note that wy X we = v implies

wp Xv=—wy and ws XV =wj.

Proof. Note that

\/det ((dk’_l)Tdk’_l)(V ok = —d1aw; — Opawsy + v.
Therefore, the following proves the claim:

(—01aw; — Ozaws 4 v) X (Pow1 — P1w2)

= (Dpav + wa)pa + (Orav + wy )p; = dk ™. a

Lemma A.2. Let T' C 09 be a chart domain and k: T' — U a strongly Lipschitz
chart. Then for every p € C*(U)? there exists a ® € C®(R3)? such that we have

®|

=W {_902 } ok = (p20k)wi — (p10k)ws and ‘b|ag\r =0

©1

on the boundary, and

dk~lp = \/det (dk—1)Tdh—1) (v x B) o k", (4)

divge = —/det ((dh—1)Tdk—1) (v - curl @) 0 k™. (5)

Proof. We define ® € C>°(R3)? by

b(() =W [‘P;J (WT(C=p) = e2(WT(C = p)wi — o1 (WT(C = p))wa,
where W € R3*2 is the matrix containing the vectors w; and w, as rows, i.e.,
W = [w1 ws]. Finally, we define ® € C*(R?)? by & := x® where y € C=(R3)
is such that in a small neighborhood of T y = 1 and (I)|89\F = 0. Basically, by

Y2

construction we have <1>|F = W[_%] o k. Hence, we have ® o k= ! = (Pow1 — P1Wa
and Lemma A.1 gives (4)

For an arbitrary f € éOO(U ) we have

—(f,divg2 )2y = (Ve f, )12 (1) = <((dk71)T)TVR2f, dk71@>

L2(U)
B 1yt T 1 -1
= <[(dk‘ )" Ve f] ok, {\/det((dk—l)Tdk_l)dk tp] ° k>L2(F)
= (Vo(fok)v x @) gy = (Fo kv (ul D))

_ <f7 (v curl @) o k= fdet ((dk—l)Tdk—1)>

L2(U)

By density of (OJ‘X’(U) in L2(U) we obtain (5). a
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APPENDIX B. INDEPENDENCE OF THE CHARTS

Note that for two strongly Lipschitz charts ki: 'y — Uy, ko: 'y — Us with
overlapping chart domains (i.e., I'y \T's # §)) we have that the columns of dky ' (k1(C))
and the columns of dk; ' (ko(¢)) span the same linear subspace of R? for a.e. ¢ €
'y Ny, namely the tangential space of ) at . The next lemma will specify this.

Lemma B.1. Let ki1: T'1 — Uy and ko: Ty — Us be strongly Lipschitz charts. Then
ran [dkl_l(kl(()ﬂ =ran [dk;l(kg(o)] fora.e. (eT1NTs.
Moreover,
(kTN o (kyoky ') dkyt = d(ky o kg t). (6)

Proof. The first assertion follows from

dky ' =d(k; ' okioky ') = (dki ") o (kyoky ") d(kyokyt) (7)
and the fact that d(k; o k5 *)(¢) is a regular matrix for a.e. ¢ € T'y NTy. Multiplying
both side of (7) from left with (dk; ') o (k; o k5 ') implies (6). Q
Lemma B.2. Let ki: T'y — Uy, ko: I's — Us strongly Lipschitz charts. Then for
a.e. ( € 'y NTy the following holds

(dky ) (dky )T o ki (Q) = (dky ') (dky )T o k2(Q).

Proof. Note that for a.e. ¢ € T'; N Ty we have ran[dk; ! (k1(¢))] = ran[dky ! (k2(¢))].
By Lemma C.3 (dk; ')(dk; ) Tok; (¢) is the orthogonal projection on ran[dk; * (k1 (¢))]

and (dky 1) (dky ')t o ko(C) is the orthogonal projection on ran[dky *(k2(¢))]. Since
these ranges coincide we conclude the assertion. a

Sometimes it is more convenient to work with the boundary derivative d. instead
of the the tangential gradient V,. This derivative is given by d,f = (V. f)T or
locally by (de)|F = [d(fok ) (dk™ )] o k.

Proposition B.3. Let f € HY(99). Then V.f and d.f are independent of the
charts.

Proof. Let ki and ko be two charts with overlapping chart domains. Then we have
(A )] py e, = [A(F 0 kg M) (k5 )T 0k = [A(f o kit o ki o ky ) (dky )] o ks
= [d(fo ki) o (kioky") d(kioky ')(dky )] o ko
—_———
G (k1) T o(kyoky H)dky !
= [d(f o k’fl) o(kyo k;l)(dkfl)T o(kyo k;l) dk;l(dkgl)f] o ko
—_———
[dky ! (dky ) Jo(kioky ') 2
Note that ATAAT = AT,
— [d(f o k’fl) o(kio k;l)(dkfl)T o(kyo k’gl)} o ko
= [d(f o k") (dky )] o k1. Q
Proposition B.4. The surface measure on 0N is independent of the partition and
the charts.

Proof. 1t is enough to show that two charts k1: I'y — Uy and ko: I's — Uy with
intersecting chart domains define the same surface measure on the intersection
I'y NT5. The rest can be done by intersecting the two partitions.
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We define the mapping

T kg(rlﬂrz)gUQ — kl(FlﬂFg)gUl,
‘ T (klokrgl)(:t),

which gives a bijective bi-Lipschitz continuous mapping. Note that by the chain
rule we have

dkyt = d(kytokyokyt) = (k7 ") o (ky o ky M)d(ky 0 ky ') = (dkyh) o TdT.

Moreover, by properties of the determinant we have

[det AT /det(dk; " o T)T(dky "o T) = \/det(dT)TdT/det(dk; ™ o T)T(dk; " o T)

— \/det(dT)T(dk7" o T)T(dk " o T)dT

— \/det((dky ! o T)AT)T((dk; " o T)dT)

= /det(dk; ") Tdk; '

Now for T C I'; NI’y we have by change of variables

/ \/det(dky H)TdkdAg_ = / det(dk; ) Tdky ! o T|det dT| dAg_,
k1(Y) T-1

(k1 ()

)
:/ WJdet(dky ) Tdk; ! dAg 1.
k2 ()

Hence, the surface measure p(Y) is independent of the charts. a

APPENDIX C. SOME AUXILIARY LEMMAS
Lemma C.1. Let v € R? then
det(I +vv") =1+ v

Proof. Note that the determinant of a matrix equals the product of all eigenvalues.
Let by,...,bq_1 denote an orthonormal basis of {v}+. Then we can easily see that
each b; is an eigenvector of I +vv' with eigenvalue 1. Furthermore, (I +vv")v =
(1 + ||v]|?)v implies that v is an eigenvector with eigenvalue 1 + ||v||2. Hence, we
have found all eigenvalues and consequently the determinant equals 1 + [jv|?>. Q

Lemma C.2. For w € C3 with ||w|| = 1 the mapping A: v — (w X v) X w is the
orthogonal projection on the orthogonal complement of span{w}.
0 —w3 w2
v

Proof. Note that (w x v) X w = —w X (w xv) and w X v = | ws 0 —u
—wsz Wi

Therefore,

r _ 2 2 2 _

0 w3 Wo wy + w3 Wy We w1 W3
(wxv)xw=—| ws 0 —w| v=|-wwy wi+wi -—wows|v

—wsy Wi 0 —wiws —wWowWs w% + w%
Since ||w|| = 1 we further have

1 00 wi wiwe  wiws

= 0 1 0| — |wiwe w3 wows v=(I—- wa)v,

0 0 1 wiws wWawWs w§

which shows the claim. a

Lemma C.3. Let A be an injective matriz and AT = (AT A)~L AT its Moore-Penrose
inverse. Then AAT is the orthogonal projection on ran A.
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Proof. Note that ker AT = (ran A)*, ker A = (ran AT)%, and ker AT = ker AT.

Therefore,

ker AAT = ker AT = (ran A)*. Moreover,
AATA=A(ATA)TTATA = 4,

which implies that the ran A is invariant under AAT. Consequently AAT is an
orthogonal projection on ran A. a
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