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Abstract

We regard anisotropic Maxwell’s equations as a boundary control and observation system on a bounded
Lipschitz domain. The boundary is split into two parts: one part with perfect conductor boundary conditions
and the other where the control and observation takes place. We apply a feedback control law that stabilizes
the system in a semi-uniform manner without any further geometric assumption on the domain. This will be
achieved by separating the equilibriums from the system and show that the remaining system is described
by an operator with compact resolvent. Furthermore, we will apply a unique continuation principle on the
resolvent equation to show that there are no eigenvalues on the imaginary axis.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let 2 € R3 be a bounded and connected strongly Lipschitz domain, which boundary is split
into I'g and I'1 # ¥ (I'p can be empty). Then we regard Maxwell’s equations as a boundary
control and observation system
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u(t, &) =mE,¢),
LD, ¢) =curlH(t, 0),
IB(t,¢) = —curl E(t, 0),

divD(t, ¢) = p(£),
divB(z,¢) =0,

D(t,¢) = €K, ),

B(#,¢) = n(OH{, ©),
nE(t,§) =0,
nB(,8) =0,

E(0,¢) =Eo (),

H(0, ¢) =Ho(¢),

y(,8) =yH({, ),

with feedback law

u(t, &) =—k)y(,2),
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(boundary input)
(Faraday/Maxwell law)
(Ampére/Maxwell law)
(GauB} law)

(GauB} law for magnetism)
(material law)

(material law)

(perfect conductor)
(normal boundary cond.)
(initial value)

(initial value)

(boundary output)

t>0,¢el.

t>0,¢€el7y,
t>0, €,
t>0,0 €,
t>0,0 e,
t>0,¢ €9,
t>0,0 €,
t>0,. e,
t>0,¢€eTly,
1>0,¢ €Ty,

{ €,

e,
t>0,¢ely,

(1a)
(1b)
(Ic)
(1d)
(le)
(1f)
(1g)
(1h)
(1i)
(1j)
(1k)
(11

(Im)

The traces 7. E, y.H and y,B are, roughly speaking, (v x E|a§2) x v, v x H|,, and v - B}m,
respectively, for details see Appendix B. The permittivity € and the permeability u are Lipschitz
continuous matrix-valued functions (i.e., we allow anisotropic and inhomogeneous materials)
such that c=! <€ <cand ¢=! < pu < ¢ for a ¢ > 0 (in the sense of positive definiteness). (The
Lipschitz continuity of € and u is necessary to apply a unique continuation principle.) The feed-
back operator k is also matrix-valued and satisfies cl<k<cforac>0 (w.l.o.g. the same
c)—we do not ask for any further regularity but measurability. The charge density p can be any

L2(2) function.

Fig. 1. Feedback illustration.

The boundary feedback law illustrated in Fig. 1 results in an impedance, Leontovich or Silver—

Miiller boundary condition'

B, §) + k() yH(t, §) =0,

t>0,¢el.

1 Impedance boundary conditions can sometimes have different forms, but by inverting and/or unitarily transforming

k they are equivalent to the presented version.
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Our goal is to show that the system (1) is semi-uniformly stable, i.e., there exists a uniform
decay rate such that every solution converges to an equilibrium state with this rate. More precisely
this means that the corresponding semigroup is semi-uniformly stable, see Definition 4.1. Semi-
uniform stability is a concept that was introduced in [2]. It is a stability concept that is between
strong stability and exponential stability, i.e., exponential stability implies semi-uniform stability
and semi-uniform stability implies strong stability.

Stability of Maxwell’s equations with impedance boundary conditions have been studied in
several works. The goal was always to prove exponential stability and therefore additional as-
sumptions were added.

e In [11] the author regarded a domain © with C! boundary and assumed € =y = 1. The
damping acts on the entire boundary.

e In [17] © has a C* boundary and I'; satisfies the geometric control condition. The author
worked with constant and scalar € and (.

e In [8] the authors regard a domain 2 with C* boundary and € and p are scalar C* functions.
The damping acts on the entire boundary and they additionally assume the existence of a
¢o € 2 such that

(¢ —¢Ve=0 and (£ —¢)Vu>0 in Q.

However, they allow k to be in a class that also contains certain nonlinear operators.

e In[14] © has a C? boundary and the damping acts on the entire boundary 3$2. The functions
€ and pu are scalar C' and may be non-autonomous. The function k can be in a certain
nonlinear class.

e In [1] €2 has a C*° boundary and the damping acts on the entire boundary. In that work there
is an additional time delay in the boundary condition and a certain non-linearity is allowed
for k.

e In [19] Q is strongly star-shaped and has a C> boundary and the damping acts on the en-
tire boundary. They allow € and u to be even state-dependent, i.e., quasilinear Maxwell’s
equations.

Note that the entire boundary 92 always satisfies the geometric control condition. Hence, all
of the above references work, at least implicitly, with this condition. Apart from [17] none of
these references work with split/mixed boundary conditions.

There are also other effects that can stabilize Maxwell’s equations like distributed damping or
memory terms, see e.g., [15,7].

We will regard a domain 2 with Lipschitz boundary 92 that is split into I'gp and I'y. The
boundary damping acts only on one part, namely I"'1—note that I"; does not need to be connected.
Moreover, € and u are Lipschitz continuous positive matrix-valued functions that are uniformly
bounded from above and below. However, we do not show exponential stability, but semi-uniform
stability and we do not prove an explicit decay rate. Most likely such a decay rate will depend on
the geometry of €2 and I'y.

However, in contrast to the listed literature we can, for example, deal with anisotropic
Maxwell’s equations on a cube that is damped on one face of the cube.

We will follow a similar approach as in [10], where semi-uniform stability for the wave equa-
tions was shown. That is splitting the equations in a time independent (for equilibriums) and a
time dependent (for the “actual” dynamic) part and showing that the differential operator that
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corresponds to the time dependent part has no spectrum on the imaginary axis. This will be
done by showing that the operator has a compact resolvent and employing a unique continuation
principle.

The main theorem of this work reads as follows.

HA(curl, Q)Ne~TH(div, Q)

Eo
Theorem 1.1. Let [Ho] S |:ﬁF1 (curl, @)y~ i (div,2)

] be an initial value that satisfies the bound-

ary conditions
m:Eo=0,2Ho=00nTy and n.Eo+ky:Hy=00nTq,

and Gauf3 laws diveEy = p and div uHy = 0. Then the corresponding solution [g] (@, ¢) of (1)

converges to an equilibrium state [EIZ] (¢) for t — oo. More precisely there exists a monotone
decreasing f: [0, 400) — [0, +00) with lim;_, 4« f(t) =0, which is independent of the initial

values such that
Eg E. curl Eg
< t — .
2@ 1o (H |:H0:| |:He:| [curlHo 12(Q)

{HEESI

Remark 1.2. Clearly, we can replace the L? norm in the previous theorem by a weighted L?
norm, e.g., the energy norm that is induced by € and u.

L2(Q) ’

Remark 1.3. Note that the connectedness of €2 is not really necessary as long as I'{ has parts on
every connected component.

Remark 1.4. We can actually also allow inhomogeneous boundary conditions for 7 E and y,H
on ["g, because they will disappear in the equilibrium. We only have to make sure that the inho-
mogeneity satisfies certain compatibility conditions (not every L? function is in the range of ;).
This work is structured in the following way: We will start by recalling the Sobolev spaces that
correspond to our differential operators in Section 2. Then we will split the system into a static
and a dynamic part in Section 3. In Section 4 we show that the dynamic part is semi-uniformly
stable by a compact embedding and a unique continuation principle, which finally implies the
main result Theorem 1.1.
2. Preliminary
For @ C R4 open and I € 9€2 open we use the following notation (as in [3])

C®(Q) = {f € C°(RY) | supp f 2 is compact}

590(Q) 1= {f|Q ‘ £ e E®RY), dist(T, supp f) > 0}.

We will regard an open, bounded and connected € € R3 with strongly Lipschitz boundary. For
g € C®(R3) and f € C*°(R?)3 we define the differential operators
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018 0 f3 — 032
Vg=|dg |, divf=01fi+0/f2+0f3 and curlf=|33f1—01f3
038 o fa— 0 f1

These operators can be regarded as unbounded operators from LZ(Q)]‘1 to LZ(Q)"2 (with k1, ky €
N suitable). In the further we will omit the exponent k at L2(Q)%, HL(Q)K, C2(Q)F, etc., if they
are clear from the context. We introduce the maximal domain of these operators on L3(Q):
H'(Q) = {g e L*(Q) | Vg e LY (@)%},
H(div, Q) = {f € L2(Q)? | div f € L*(Q)},
and H(curl, Q) ={f € L2(§2)3 |curl f € L2(9)3}, respectively.

For g € C(R3) and fe C°(R?)3 there is the well-known integration by parts formula

(div £, 8)i2() + (f V&2 =V flag: 8lsali20):

where v denotes the outward pointing unit normal vector on the boundary. This formula can be
extended to the maximal domain of the respective differential operator, such that we have for
g € H'(Q) and f e H(div, Q)

(div f, &hr2@) + (f: V&2 = (W . 108) p-1230) 112 (09)

where yp, the boundary trace, is the extension of g g|asz to H'(Q) and y,, the normal
trace, is the extension of f +— v - f|asz to H(div, 2). These mappings map onto H”?(32) and

H-2(3Q) respectively, where H72(0Q) is range of yy endowed with the range norm of HY(Q),
and H™2(3) is its dual space.
Basically, for curl there is a similar approach to extend the integration by parts formula

(curl f, g)LZ(Q) +(f, - curlg)Lz(Q) =(vx f.(vxg x v)LZ(asz)

that is valid for f, g € C®°(R?) to the maximal domain of curl. We present this in Appendix B.
Note that every w € C3 can be represented as

w=W(E)xw) xvi)+ WK wyw() forae. ¢e€d.

tangential part normal part

Hence, we call 77, the extensionof g+— (v X g | 9 sz) X v, the tangential trace and y;, the extension
of f = v xg|,,, the twisted tangential trace. If we want to emphasize that we are only interested
on the part I'1 € 9Q2 of the tangential trace we denote this by r, and y; r, for details see
Appendix B.

For two Hilbert space X and Y we will use the notation

HEE
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For a strictly positive and bounded operator P on L?(2) we introduce

(X, y)p = (x, Py)r2 @) = (Px, ¥)12(0) )

which establishes an equivalent inner product on L?(£2). Corresponding to this new inner product
we have L p and @p.

For a strongly Lipschitz domain €2 and I' € 92 we say that the pair (€2,I") is a strongly
Lipschitz pair, roughly speaking, if also oI" is strongly Lipschitz. For details see [3,24].

Additionally to the restricted tangential traces (¢ |- and y; |.), we introduce the extension of
g — v - g|. to H(div, Q) denoted by y, | ..

Furthermore, we define

| and e
fir(curl, Q) == { Fel(Q) ‘ curl f € LX(Q), e | f = 0}
A (curl, Q) == [ fel(Q) ‘ curl f € LX(Q), e | f € L2(F)}
and
fir(div, Q) = { felQ) ‘ div f € L2(Q), po o f = o}
A (div, Q) = { felQ) ‘ div f € LX),y f € LZ(F)},
see e.g., [16]. Note that there is a strong and weak approach to the previous spaces, i.e., as limits
of smooth function or via representation in an inner product. It is far from trivial that these
approaches coincide. However, luckily for a strongly Lipschitz pair (€2, I') this is covered in [3]

for homogeneous boundary conditions and in [24] for L2 boundary conditions. Similar to [6] we
denote the spaces with vanishing curl and div, respectively, by

H(curl 0, 2) := kercurl, H(div 0, ) := kerdiv,
Hr(curl0, ) := Hr(curl, Q) Nkercurl,  Hp(div0, Q) := Hr(div, ) N kerdiv,
Hr (curl0, 2) := Ar (curl, ) Nkercurl, Ar (div0, Q) == Ar (div, ) Nkerdiv.

Moreover, we define the cohomology groups for § € Ly, (L?(2)) strictly positive by

Hr,.r,.5(2) = Hr, (curl 0, 2) N § ' Hr, (div 0, Q)
Hs.r,,r,(2) =6Hr, r,,5(2)
= 8Hr, (curl 0, Q) N Hr, (div 0, ).
3. Split the system
In this section we will split our system in a time invariant part and the remaining dynamic part.
This will simplify the analysis of the spectrum of the (remaining) dynamic part. From a certain
point of view we factor out the eigenvectors corresponding to the eigenvalue O of the differential

operator that describes the dynamic.
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We can write the system (1b)-(1c) as

als] =l [0
ko wlm)=[-en ) La)

From a semigroup perspective the first version is in a better form. The second version is for
instance favored by the approach in [20].
In order to analyze the stability of the system we have to separate the equilibrium states from

the rest of the system. We call the remaining system the “true dynamic”.
By setting all time derivatives to zero in (1), we obtain the equations for the equilibrium states.

or as

curl E =0, curlH=0, (3a)
diveE = p, divuH =0, (3b)
Ty |F0E =0, Yo |ro uH=0, (3c)
7e | E = —kh, Vel H="h, (3d)

where £ is determined by the traces of the initial values. This static system is solvable by [3,
Thm. 5.6]. Note that if €2 is not simply connected, then the cohomology spaces

Ho,0,6(2) and  Hr, ry,u(2)

contain more than the zero vector. Hence, the solutions of (3) are not unique, because for a

oo 1o [ 1+ [ £] s 0. 1] <[ 123 |

For the “true” dynamic we regard the operator
0 curl [[e=! 0
—curl O 0 pu!

71,|I,06_1D=0 and 71,|F16_1D+kyr Flu_leo.

with the boundary conditions

Note that in general ”T|r1 and y; |rl map into different spaces. Hence, in order to meaning-
fully regard the second boundary condition we restrict ourselves to all those elements that are
mapped into the pivot space L% (I"1) under 7 ‘ Ve }r] .2 Combined with the boundary condition

2 One can also use quasi Gelfand triple theory to regard the boundary condition in a larger space (that contains V; (I'1)
and V*(I'1)), but in the end this only implies that all vector fields D, B whose tangential traces satisfy this condition in
the larger space are already in the pivot space L% Tr).
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T 1,Oe_lD = 0 we can say that ¢ ~!D has an L? tangential trace on the entire boundary. Hence,
in order to satisfy our boundary conditions we require/assume that

E=¢'DeHyq(curl, Q) NHry(curl, 2) and H=p 'BeHr, (curl, Q).
Summarized we regard the following operator and domain

=H
——

Ao — 0 cul [ [e=! 0
=1 —cul 0 0 !

dom Ag = { [D} eH ! [Hasz(curl, ) NHr, (curl, Q)]

HAr, (curl, ) 4

n,‘rle_lD +kyf‘r.“_lB = 0}

_ E Hjq (curl, 2) NHp, (curl,
=H 1{ |:H:| € [ a2( I:Irl()curl,lgg)( ):| ’ nt‘r]E+er|rlH=0}.
The operator Ay is a generator of a contraction semigroup as we will explain in Appendix B.4.
Note that 7 : L2(£2) — L?() is a strictly positive and bounded operator, by the assumptions on
€ and p. It comes very natural to use (-, -)3; as an inner product, since the corresponding norm
is the energy norm in the state space.
In order to satisfy the remaining conditions we define the state space

o= | [8]]avD =0.vB =0 ] p o [ Fean @ T

Clearly, X3; € L*(S2). Note that
[ He 02.0(2) T“ _ | Hesop@*
HM’FLFO(Q) HM,FI,FQ(Q)Luil ’

The intersection with (He yo.p(2) x ’Hu,r,,ro(ﬂ))h" factors out all solutions in H y0.4(2) x
H,,r;,10(£2), because these are static solutions and already included in the static solutions (as
difference of two solutions of (3)).

The next theorem is [3, Thm. 5.3].

Theorem 3.1 (Helmholtz decomposition 1). Let (2, T'q) be a strongly Lipschitz pair and T'p =
0Q\ Ty, and § € L*°(L; (C3X3) suchthatc ' <8 <c¢ a.e. for some ¢ > 0. Then

L*(Q) = VH[., () @5 Hr,.r,.6(2) @5 8" curl Hr, (curl, Q)

We will make a slight modification of the previous Helmholtz decomposition, that better fits
our situation.
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Corollary 3.2 (Helmholtz decomposition II). Let (2, I'q) be a strongly Lipschitz pair and I'p, =
AQ\ Ty, and § € L°(Q; C3*3) such that c=' < 8 < c a.e. for some ¢ > 0. Then

L*(Q) = §VH[, (2) ®5-1 Hs.r,.r, (Q) Bs-1 curl Hr, (curl, Q)
Proof. By Theorem 3.1 we know that every f € L?(Q) can be written as f = fi + f> + f3

with f1 € VIEI}a (2), f2€Hr, 1,.5()and f3 € 8§ curl IEIF,, (curl, ©2). Since § is bijective, every
g€ L%(Q) can be written as

g=d8f=48 + S + 4fz.
—— —— ——

€SVH[ (@) €Msr,r, ()  ecurlHr, (curl,Q)

Hence, it is left to show that these spaces are still orthogonal. For f 15 g we have

(6, 88)s-1 =(8f, &2y = (/. 8)s =0

and consequently the sum 513111“ (2) + Hs,r,, 1, (2) + curlﬁrb (curl, 2) is orthogonal w.r.t.
<'7 '>§*1 . O

Corollary 3.3. Let (Q,Ty,) be a strongly Lipschitz pair, T, = dQ \ T, and § € L®(§2; C3*3)
such thatc™' <§ <ca.e. for some ¢ > 0. Then

Hr, (div0, ) N (Hs.r,.r, ()11 = curl Hr, (curl, ).

Proof. Note that the adjoint of D := 8§V as operator on L?(2) equipped with (-, -) s—1 with
dom D = Hll-a () is D* = —4§ div with domain Hr, (div, ).? Hence,

L*(Q2) =ran D @41 ker D*

o . 5)
=JdVHr (2) @5-1 Hr, (div0, €2)
By Corollary 3.2 and (5) we have

SVHY, (2) ®5-1 Hs.r,.r, (Q) B;-1 curl Hr, (curl, 2)
=L*(Q) = §VH]. () @;-1 Hr, (div0, Q).

Hence,
Hs.r,.r, () Bs—1 curl Hr, (curl, ) = Hr, (div 0, Q)
and intersecting both sides with (Hs r,.r, ()5~ finishes the proof. O

3 Here we used that the weak and strong approach to ﬁrh (div, 2) coincide.

353



N. Skrepek and M. Waurick Journal of Differential Equations 394 (2024) 345-374

Lemma 3.4. The space Xy is a Hilbert space with the inner product (x, y)x,, = (X, y)y =
(x, Hyh2(q)- Moreover, ran Ag € Xy and in particular Xy, is invariant under the semigroup To
that is generated by Ay.

Proof. Since H: L2() — L*(Q) is a positive, bounded and boundedly invertible operator,
(+ )12 1s equivalent to (-, ) x,,. The closedness of the operators div and y, | implies the
closedness of H(div0, €2) = kerdiv in L?($2) and ker y,

is closed in L2(£2), which implies the closedness of Xy,.
By the definition of X3y and Corollary 3.3 we have

|F()

|, in H(div, ). Hence, Hr, (div0, )

Yoy — H(div0, 2) N He ga.p ()1 ! . |: curl H(curl, Q) i|
T | Fry (div0, Q) N Hy,ry ro () ! curl Fi, (curl, Q)

[ 0 curl][Hp,cu, ] [ 0 curl -1 Hr, (curl, Q)
| —cul 0 H(curl, Q) | | —curl 0 H(curl, Q)

DranAy. 24Ap Ddom Ay

By [9, ch. IT sec. 2.3], Xy D ran A implies that A’y is invariant under the semigroup Ty that is
generated by Ag. O

Finally, we introduce the differential operator and its domain that describes the dynamic of
our system.

Definition 3.5. We define A := A | X5 which we regard as an operator A: dom A C Xy — Xyy.
The domain of A is given by dom A =dom Ap N Xy, i.e.,

A domAgNXy C Xy — Ay,
’ x B Agx.

Note that A is a generator of a contraction semigroup, since Ao is a generator of a contraction
semigroup and X7, is closed and invariant under the semigroup 7y generated by Ag. In particular,
the semigroup T that is generated by A is given by 7'(t) = To(t)|XH, see e.g., [9, ch. IT sec. 2.3].

4. Semi-uniform stability

We will regard the semigroup 7 that is generated by the operator A from the previous section,
defined in Definition 3.5. Our goal is to show that this semigroup is semi-uniformly stable.

Definition 4.1. Let A be the generator of the strongly continuous and bounded semigroup
(T'(¢))s=0 on a Hilbert space X. Then we say that (T (¢));>0 is semi-uniformly stable, if there

exists a continuous and decreasing function f: [0, +00) — [0, +00) with lim;_, 1 f(f) =0
and

IT@xlx < fOllxllgom a (6)
for every x € dom A, where ||+||jom 4 denotes the graph norm of A.
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The difference between uniform stability and semi-uniform stability is that on the right-hand
side of (6) there is the graph norm of the generator A instead of just the norm of the Hilbert
space X.

It is very common to define semi-uniform stability by an equivalent characterization, namely
item (iii) of the next theorem.

Theorem 4.2 ([2]). Let T be a strongly continuous and bounded semigroup generated by A.
Then the following assertions are equivalent.

(1) T is semi-uniformly stable.

(i) IT()(A =21 — 0forall » € p(A).
(i) |T @A™ — 0.
@iv) iR C p(A).

Hence, by the previous theorem, the question about semi-uniform stability of A reduces to the
following problem.

Problem 4.3. Show for every w € R that iw € p(A) or equivalently that iw ¢ o(A).

A compact resolvent simplifies the task of finding resolvent points. Hence, the following the-
orem from [16, Thm. 4.1] will reduce the problem such that we only need make sure that iw is
not an eigenvalue, see Theorem 4.6.

Theorem 4.4 (Compact embedding, [16, Thm. 4.1]). Let (2, T'q) be a strongly Lipschitz pair,
I, =0Q\ T, and §: Q — R3*3 such that the corresponding multiplication operator is in
Lp(L2(Q)) and strictly positive. Then

HAr, (curl, 2) N8~ Ay, (div, Q) Z12@),

cpt . . .
where — denotes that the inclusion map is compact.

In particular, as a consequence of this compact embedding we obtain the following proposi-
tion. A special case for € = u = 1 has been regarded in [16, Thm. 5.6].

Proposition 4.5. The operator A has a compact resolvent.

Proof. By definition of A we have dom A = dom Ag N X’ . Hence, by construction and Theo-
rem 4.4 we have

eHyq(curl, Q) NH(div, Q) 7 cpt

domAc| ", A L*(Q). O
om _[MHrl(curl,Q)ﬂHro(div,Q)i|c_> €2

Hence, A has only point spectrum. So we only need to check, whether ker(A — iw) = {0} for
all w € R. For convenience we provide a proof for this conclusion.

Theorem 4.6. Let X be a Hilbert space and A: domA C X — X be a closed and densely
defined operator with compact resolvent. Then o(A) = 0p(A), i.e., the spectrum of A contains
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only eigenvalues. Moreover, 0(A) is countable and has no accumulation points (or at most oo as
accumulation point, if we regard the spectrum as subset of C U {oo}).

Proof. Let A € p(A). Then (A — M lisa compact operator. Hence, the spectrum of (A — 2L

contains only countable eigenvalues that can only accumulate at 0. By the spectral mapping
theorem (for unbounded operators or linear relations) we have

o((A-n"") = (ca—n)"".

Hence, the claim is true for A — A. By shifting this operator by A and again apply the spectral
mapping theorem, we conclude the claim also for A. O

Now in order to show ker(A — iw) = {0} we make the following observation for supposed
eigenvalues.

Lemma 4.7. If iw € iR is an eigenvalue of A, then the corresponding eigenvector x = [g]

satisfies 1, |F1 e 'D=0and y, |F1 w'B=0.

Proof. By Lemma B.14 and the boundary condition of A (ree'D = —ky, u~'B on I'y), we

have
Re((A —iw)x, x) x,;, =Re(Ax, x) x,, — Reiow(x, x) x,,
=0 =Re(mre”'D, ye ' Bliagr
= Re(—ky,u_]B, )’rﬂ_lB>L2(rl)
= —Rellk "y BllL2 ()
Hence, y; |Fl w~'B = 0 and by the boundary condition we also have 7, |Fl e 'D=0. O

Since the unique continuation principle from Appendix A only works for w 7% 0 we need to
check 0 € p(A) separately.

Proposition 4.8. 0 € p(A).

Proof. Note that by Theorem 4.6 the spectrum o(A) contains only eigenvalues. Hence, if we

assume that O &€ p(A), then O is an eigenvalue. Then by Lemma 4.7 the corresponding eigen-

]l:i) |F1€

condition for D we obtain n,e’lD = 0 on 9R2. Thus, for ¢ € H(curl, 2), using Ax =0, we
obtain

vector x = [ ] satisfies 7, D=0=1y, |r1 w~'B. Combined with the remaining boundary

O=<curle_lg,¢> = <6_1D, curl¢>

2Q) 2@

Hence, D L1 curlH(curl, €2) and since D € curl H(curl, 2) (by x € X3), we conclude D = 0.
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Similarly, for ¢ € I;Iro (curl, 2) we have

_ —1 _ —1
0_@mu nwbmf%ﬂ &wﬂw

L@
which implies that B L -l curlﬁpo (curl, 2). Since B € curl ﬁro (curl, 2) we conclude B = 0,
which leads to x = 0. Therefore, O is not an eigenvalue and 0 € p(A). O

Now we have collected all the tools to prove that the dynamic part of Maxwell’s equation is
semi-uniformly stable.

Theorem 4.9. The operator A (from Definition 3.5) generates a semi-uniformly stable semigroup
(T ())s=o0-

Proof. By Theorem 4.2 we have already reduced the question to Problem 4.3, i.e., we have to
show iR C p(A). By Proposition 4.5, A has a compact resolvent, which implies that the spectrum
0(A) contains only eigenvalues (Theorem 4.6).

If iw € iR \ {0} is an eigenvalue of A, then by Lemma 4.7 the corresponding eigenvector has
vanishing tangential traces on I'y. From the principle of unique continuation (Proposition A.3)
follows that this eigenvector can only be 0. Hence, there are no non-zero imaginary eigenvalues
and consequently iR \ {0} € p(A).

Finally, Proposition 4.8 yields 0 € p(A). Thus iR C p(A) and the semigroup that is generated
by A is semi-uniformly stable. O

Since every solution of the system (1) can be decomposed into an equilibrium and a dynamic
part (that solves the abstract Cauchy problem corresponding to A), we conclude the main theo-
rem.

A(curl, 2)Ne~'H(div, )

Eo
Theorem 1.1. Let [ ] € |:I;Ir1 (curl, @)~ i (div,2)

H, ] be an initial value that satisfies the bound-

ary conditions
m:Eo=0,Ho=00nTy and n.Eo+ky:Hy=00nTq,

and Gauf3 laws diveEy = p and div uHy = 0. Then the corresponding solution [I}i] (,¢) of (1)

converges to an equilibrium state [IEZ] (¢) for t — oo. More precisely there exists a monotone
decreasing f: [0, 400) — [0, +00) with lim,_, y f(¢t) =0, which is independent of the initial

values such that
Eg E. curl Eg
< t — .
2@ 7® (H [HO] [He:| [CuﬂHO] Lz(Q))

E E.

NH]“O_[HJ
Recall that

He,00,0(£2) —1| Hax,n,e(82) . .

09, _ . 4oL | |

[Hu,rl,ro(ﬂ)] " [HFI,FO,M(Q)} and xLly1y & H xLlyH 'y

L2(R) ’
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Proof. Let [EZ ] be a solution of (3) with & = y;|. Hp, i.e., an equilibrium state. Then we define

the initial value for the “dynamic” part by

= ]

!

Ir,

Note that [EIZ] is in general—depending on the cohomology groups—not unique. Moreover,

Heo0,0(2) ]J‘H
Hy,ry,ro ()

Hence, we shift [ ] by the [ Hesa.n(D ] part of [H “H, ] W.L.t. (+, )31 such that [ggifﬁ] €

Hp. r O(Q)

90.ge (2 -1 .. € Q) 1+H

[HEQQ}M‘,((S;)] and consequently (the updated) [Bg] isin [;i ‘ﬁgf((g))]
1.To:n I'1.To

X, and even in dom A.
We denote the semi-uniformly stable semigroup that is generated by A by (7'(¢));>0 and the

decay function by g (Theorem 4.9). Hence, the solution [g] (t,)=T() [gg] of the dynamic

part satisfies
D Do
(B2 220l [5]

The solution of (1) is then given by

E -1p E.
=[-8 ]

Note that H = [551 MQ. ] is a bounded and boundedly invertible operator, which implies that

[gﬁ] satisfies divDg = divBo =0 and y, |- Bo = 0, but is not necessarily in [

I,

. Hence, [go] €
0

<g@)
L2(Q)

dom A

¢! Ixlli2e@) < IHxllL2q) < cllxll 2(q) for a suitable ¢ > 0. Therefore,

{HEES

L2
1p D Dy curl Eg
[ =l o (20, )
Eo E. curl Eg
Sc(c+l)g(t_)/<H|:H0]_|:Hej| 12 H:curlHo] Lz)' -
=f(t)

5. Conclusion

We have shown that Maxwell’s equation without damping terms can be semi-uniformly sta-
bilized by a simple boundary feedback. This was done without any geometric assumptions on
the boundary like the geometric control condition, convexity, star-shapedness, etc. and with only
mild conditions on the matrix-valued functions € and w, i.e., strict positivity and Lipschitz con-
tinuity.
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The key ingredients were a compact resolvent and a unique continuation principle. The other
arguments do not really depend on our particular differential operator, but can also be done for
an entire class of systems. In particular the port-Hamiltonian systems that are discussed in [22,
21]. In fact, if there were a generalization of the compact resolvent and the unique continuation
principle for those port-Hamiltonian systems, we could conclude the same semi-uniform stability
result.

Data availability

No data was used for the research described in the article.
Appendix A. Unique continuation

The first unique continuation principle for inhomogeneous and anisotropic Maxwell’s equa-
tions is from [12]. However, we will use a further developed version for Lipschitz continuous
parameters from [13].

For € and p as in the beginning and w # 0 we regard the following stationary system,

curl H =iweE,

. (N
curl E = —iwuH.

Recall that € and u are strictly positive matrix-valued functions. In particular, there exists a
¢ > 0 such that

¢! <e()<c and ¢! <u()<c foral ¢e

and there exists a C > 0 such that

€ llwoo @) + ltllwroo @) < C,

where W!*°(2) denotes the Sobolev space of Lipschitz continuous functions.
The next theorem is from [13, Thm. 1.1].

Theorem A.l. Let H,E € L2 (2) be a solution of (7). Then there exist p,s > 0 such that for

loc
ro <ri <rp/2 < p with B,,(xo) € €2, we have

t 1-1
2 ) .
[Arase| [ilsra) | [ lra)
B (0 o (¥0) 1y (X0)
WhereC>Odepe”dS0”€,M7rl,r2,sandt:%.4
0 "

For convenience we show explicitly how this theorem implies a unique continuation principle.

4 Note that 7 € (0, 1).
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¢

129

Fig. 2. Illustration of the proof of Theorem A.2.

Theorem A.2 (Principle of unique continuation). Let Q2 be connected and E, H € leoc(Q) be a

solution of (7) such that | E = 0 for a non-empty open set U C Q2. Then El—o.
H|IU H

Proof. We define

Mi={ce@|ar>0st [E]l o =0]

and show that M is open and closed in €2.

Clearly, M is open in 2: By definition, for {y € M there exists an ry > 0 such that
[IFi] By, (¢0) = 0. Hence, for every ¢ € B,({p) we have [f[]
¢ € M and therefore B, ({p) € M.

On the other hand: Let (£,),cN be a sequence in M that converges to ¢ € Q2. For every ¢, € M
g |B. @) = 0. If there exists an n € N such that { € B, (£,),
then clearly ¢ € M. Hence we may assume that r,, < |, — ¢| for the remaining proof.

Let p be the number of Theorem A.1. We choose r > 0 such that B, (¢) € @ and we choose
no € N such that |£,, — ¢| < %min(r, p). We define (as illustrated in Fig. 2)

By eyl (©) = 0, which implies

there exists an r, > 0 such that

0 = Tnyp, r1:2|§no_§|v I"2=6|{n0—§|,
which implies
ro<ry<ry/2<p.
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E _ R e
By Theorem A.l we conclude [H] By, (Gag) ‘Brl/Z(C) =0, which im

plies { € M and M is closed. By assumption M is non-empty, because ) = U € M, hence we
conclude that M = Q, as Q is connected. O

= 0 and consequently [E{]

ioc (§2) be a solution of (7). If there exists a I' C 9S2 relatively open

H, then [IFi] =0

Proposition A.3. Let [g] el?

suchthat | [E=0=y;

Ir Ir

Note that 7, |-.E = 0 is equivalent to y;|.E = 0.5 Hence, it does not matter, whether we

Ir
E = 0 in previous proposition. The same holds for H.

Ir

assume ;| .E =0 or y;

I Ir

Proof. We choose a point & in the interior of I" and a radius » > O such that also B, (§p) N 92 is
in the interior of I'. Then we extend [I]::I] onQ=QuU B, (&) by

o E, onQ, fi H, onQ,
0, onB,(%)\ L, 0, onB,(%)\ .

Note that E and H are still in H(curl, ﬁ), because for ¢ € (6 (§)
(Curl¢, E)L2(§) = (Curl¢, E)LZ(Q) = <¢, Curl E>L2(Q) + <VT¢1 nt‘E)L2(F)
=0
= (¢, curlE); 25,

where

— curlE, on £,
curlE =
0, on B, (&) \ €.

. £1. . =~ o i .
We can prove the same for H and obtain that [ﬁ] is a solution of (7) on 2. Since [f{] ’Br(éo)\fl =

0, we can apply Theorem A.2 which leads to [IE{] =0. O

Appendix B. Background on the differential and trace operators

In this section we want to give a little background on the operator Ay defined in (4) and
ultimately justify that it generates a contraction semigroup. We still have the standing assumption
that (€2, T"1) is a strongly Lipschitz pair. In order to do that we have to explain the boundary
spaces and traces that correspond to curl. We recall the operator Ag from (4)

Ao — 0 cul [ [e=! 0
T —cul 0 0 !

| —
=H

5 The difference between these trace is just a pointwise 90 degree rotation perpendicular to the normal vector.
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D _1 [Hsa(curl, Q) N Hr, (curl, )
dom Ag = . 0
om Ao {[B} €H [ fr, (curl, Q) ]

71,|F1671D +kyf|rlM*1B = O} .

In order to better understand the domain of A we have to take a closer look at the traces 7

I
.|~ and y; | . First of all note that the differential operator curl can be written as
Iy I
0 =03 h
curl f =1 93 0 -9 b
=0 0 0 ]
00 0 0 0 1 0 -1 0 fi ®)
=10,/0 0 —-1|4+3| 0 0 O|+4+93|1 0 O f
01 0 -1 0 0 0O 0 O f
=L =Ly =:L3

Therefore, it has the form curl = Ly = 21'3:1 0; L;. Hence, the operator matches the form of
the differential operators in [22]. That work presents a general approach to boundary traces and
boundary spaces that correspond to such differential operators. These boundary spaces and traces
can be derived by an integration by parts formula. Nevertheless we want to present here a sketch
of this construction that is adjusted just for the curl operator.

For the curl operator we have for f, g € C®(R3) the following integration by parts formula

(curl f, g)12(q) + (f, —curlg)r2g) = (v X f, (v X &) X V)12¢50)- C))

We can restrict ourselves to the boundary space L% BR) = {¢p € L2(3Q) |v - ¢ = 0}, as both
arguments of the L2(d2) inner product in (9) belong to that space anyway.

In the following we want to show that similar to the integration by parts formula for div-V we
can extend the integration parts formula by continuity on the maximal domain of the differential
operator. The price to pay is that the L? inner product on the boundary has to be replaced by a
dual pairing. For div-V this would be the dual pairing of (H"?(3€2), H~"2(3R2)), which forms a
Gelfand triple with the pivot space L?(9$2). Unfortunately unlike in the div-V case the boundary
spaces that correspond to curl do not establish a Gelfand triple, at least not in the usual sense
where we have continuous embeddings. However, we get something that is almost a Gelfand
triple, what we call quasi Gelfand triple, a notion that was introduced in [22] or more detailed
in [21,23].

In particular we will give a sketch of the construction of the boundary spaces and traces that
correspond to curl. Note that these boundary spaces are characterized by H> (curlyq, 0€2) and

H_% (divag, d2) in [5], however these characterizations are also not easily accessible and need
to be adapted for partial boundary traces. Therefore, we prefer the following approach.
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B.1. Boundary spaces
Note that the integration by parts formula (9) can easily be extended to H!(2). Hence, we

want to take the step to extend (9) from H!(2) to H(curl, ). In order to do this we introduce the
spaces

M@ ={wx gl xv| g eH @] L2,

WD ={ 0 x gl x v | g e fih @} <L,

Note that every element of M (I'1) can be extended to M (02) by setting it to zero on I'g. We
define the spaces V;(I'1) and V; (I'1) as the completions of M (I"1) and M (I'1), respectively, with
respect to the range norms

||¢||v,(r])5= inf ||g||H(cur1,Q) for ¢ e M(I'y),
geH (@)
(vxyoglr)xv=¢
¢l oy = inf  lglyeune for ¢eMT),
Ve () gefl}o(ﬂ) (curl, 2)

(vxyoglr) xv=¢
respectively. These two norms are really norms by [22, Lem. 6.3]. By construction we have that

~[HYQ) CH(eurl, Q) — VY (I'),
7[7}1"1' g = (vxy0g| ) X v
I ’

HE (@) SHpy(curl, @) — V().

and 7 :
ol { g = (xygl)xv,

are continuous W.r.t. [|*lgeun,@) and [I*lly, )y (Il ). Note that the restriction bar |F1 at
T |1,1 is an abuse of notation. It indicates that we are only interested in what the trace does
on I'1. Moreover, note that one characterization of ﬁro (curl, 2) is the closure of HILO () w.r.t.

Il (curt, ) » S€€ €-2-, [3, Thm. 4.5]. Now we can extend ¢ | . and 7t | by density and continuity

|Fl |F1
to H(curl, 2) and 1211“0 (curl, 2), respectively. We will use the same symbols for these extensions
and call both of them tangential trace. If I'1 = 02, then clearly V;(02) = f}f (02) and we will
just write m; instead of ‘ 9g OF Ttr ‘ e Sometimes it is convenient to also leave out the circle

on 7, |r1 even if we work with elements of ﬁro (curl, €2) that are mapped into f/, (I'g). Moreover,

if it is clear from the context, we will also just use 7, instead of 7,

and 77,

|F1 ry:

Remark B.1.For a short moment we want to distinguish between and its continu-

|F1

ous extension on H(curl, 2), by denoting the extension by 7;|. . Then it can be shown that

Ir,
Tt |F1 : H(curl, 2) — V. (I'1) is surjective and

H(curl, 2)

kerm, r,

r,= kerm;

363



N. Skrepek and M. Waurick Journal of Differential Equations 394 (2024) 345-374

An analogous result holds for 7,

r,» see [22, Lem. 6.4].

Basically we can repeat the previous construction for the twisted tangential trace f > v x
yo f. Note that for smooth functions g — (v x g|m) x v is really the projection of g on its
tangential component. Therefore, the name tangential trace is justified for 7, . Furthermore, for
smooth functions we have v x f\asz = v X m; f, which tells us that v x f|a§2 is a 90 degree

(or T) rotated version of the tangential component of f | sq- The axis of rotation is the normal
vector v.

Even though it is basically a repetition we will execute the construction also for the rwisted
tangential trace. Hence, we define the twisted version of M (I"1) and M (I"1) as

m = fox sl | Fert@) cLien

and M) = {vxonfl | £ el @) cL2a,

respectively. Furthermore we define V*(I'1) and ]oitX(Fl) as the completion of M*(T"y) and
M*(Ty), respectively with respect to the range norms

W lyxr,y = inf I flxeue for ¢ eM™(T)
feH (@)
vxyo flr, =y

and ”w”VtX T) = fe}lllllf(sz) ”f”H(curl,SZ) for ¢ € Mx(rl)s
vy flr =y

respectively. The cross symbol x in the superscript indicates that we deal with a twisted version
of M(I'"y) and V; (I'1), respectively. In particular, the operation v x - can be extended to a unitary
mapping between V;(I'1) and V) (I"1), and a unitary operator between f/, (I"'1) and VTX (I'1). By
construction the mapping

_[HY(Q) CH(curl, Q) — VX(T)),
el fo= vxnfl,

and 7] ;| R SHrycur, @~ VET,
Velry o= vxwnfl
is continuous W.r.t. ||*||g(curt, ) and [|+llyx ) (ll '||]°j.[>< (Fl))’ Hence, we can extend these mappings

by continuity and density to H(curl, €2) and ﬁro (curl, 2), respectively. We still denote these
extension by V’|F1 and )7T|l_l. If ' = 02 we will just write y;. Also if it is clear from the

context that we only want to regard the trace on I'1, we will just write y; instead of y; |F1. We
will sometimes also omit the circle at y, if it is clear that we regard elements in ﬁro (curl, 2).

Note that the 7 in the subscript of L2(I'y), V;(I'1), V(I'1), VX(T'1) and VX (I'y) indicates
that these spaces are tangential on I'y.
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B.2. Dual pairing

Next we want to show that there is a dual pairing between ]o/f (T'1) and VX(IM), ie.,
(f}f(Fl), VX (I'y)) is a dual pair. Clearly, the same holds for their twisted versions (V;(I'y),
VIX (T'1)), which is then just a corollary.

Lemma B.2. Let ¢ € A;I(Fl) and W € M*(I'1). Then

W2l < 1 ey 161 -

Proof. Note that M(T'}) = 7, |FIIZI}O(§2) and M (")) = y,|r]

I:IILO(SZ) and an f € H'(Q) such that 7, |F| g=¢and y, |F1 f=v.By yog|l_0 = 0, the integration
by parts formula (9) and Cauchy—Schwarz’s inequality we have

H!(£2). Hence, there exists a g €

‘(1/f,¢>L$(F1) = ‘(Vr|r1f’ ”T|F1g)L%(F1)‘ = ‘(Vf|r1f’ nT|I‘1g>L%(BQ)‘

= |(curl £, g)12() — (/. curlg)2(q)]
<llcurl fllr2elIglli2@) + 1 fllz@)llcurl gl 2 o)

< Jlleurl 12, o) + 171226,/ 18122 gy + llcurl 12,

= ”f”H(curl,Q) ”g”H(curl,Q)'

Since this is true for all g € ﬁlLO (Q) and f € H'(Q) such that 7, }r] g=¢ and y; |r] =, we
can apply an infimum on the right-hand side and obtain

K, @)z | = fll fllneun, @) 18 lacur, ) = 1V Iyx o 161y, rpy- O

Now we can define the following dual pairing by a limit.

Definition B.3. Let ¢ € f)f (T'1) and ¢ € VX(I"1). Then there exist sequences (¢y),cN in M T'y)
and (Yi)geN in M *(I'1) that converge to ¢ and v, respectively. We define the dual pairing
between V; (I"1) and V* (I"y) by

(Wv ¢>Vt><(1'*1),f/r(rl) = lim (Wna ¢k>L%(1"1)' (10)

n— 00
k— 00

As short notation we will use (i, Alyx s if I'y is clear.
ToHVT

This dual pairing is really well-defined, since we can use Lemma B.2 to show that the net on
the right-hand side is a Cauchy net. Strictly speaking the mapping (-, ) ,x TV is a priori
just a sesquilinear form. However, we will show that it is indeed a dual pairing, i.e., the mapping

X y /
\II: {V'[ (Fl) - V'L’(Fl)s ] (11)
Vo Wy
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is an isometric isomorphism. Note that we use the convention of always regarding the antid-
ual space, which is more convenient when switching between dual pairings and inner products.
Hence, f)f (T'1)’ denotes the antidual space.

Moreover, for every such sesquilinear form we define the version with switched arguments by
the complex conjugate of the original sesquilinear form, i.e.,

(@ Vv = W P ey vy

However, before we show that we have indeed defined a dual pairing we show that we can
extend the integration by parts formula with (-, -) for arbitrary f € H(curl, 2) and

g€ ﬁro (curl, 2).

VXD, Ve(T)

Lemma B.4. For f € H(curl, 2) and g € ﬁro (curl, Q) we have
(curl f, g)Lz(SZ) —(f, Clll'lg)Lz(Q) =(rc [, T[tg>VrX(F1),\>r(Fl)'
Proof. Note that by (9) we have for f € (ol (R3) and g € CI‘Z‘(’) (R3)

(curl f, g)12(q) — (f.curlg)r2q) = (Ve f e 8)r2 )

Since €® (R3) is dense in H(curl, Q) and Cf’% (R3) is dense in flro (curl, 2), the assertion follows
by continuity. O

Note that V;(I';) and VX(T'1) are by construction isometrically isomorphic to the quotient
spaces I°{1—0 (curl, Q) / ker7t; |F1 and H(curl, 2) / ker y; |F1 , respectively. These spaces are in turn
isometrically isomorphic to (kers, |F|)L and (ker y; |F1)J-, respectively, where the orthogonal
complement is taken in f{ro (curl, ) and H(curl, 2), respectively. Hence, the mappings 7, |F1
and y,!r] are isometric isomorphisms from these orthogonal complements into f)r(Fl) and

VX (I'1), respectively. Moreover, we have

C®(Q) C ker#t, and C(Q) Skery,

|F1 |F1'

Hence, for the orthogonal complements (in H(curl, €2)) we have the reverse inclusion. The next
lemmas also show similarities to the notion of boundary data spaces from [18, Sec. 5.2].
We have already discussed that Hr,(curl, €2) can be characterized by the closure of HIFO(Q)

in H(curl, 2). However, there is also the weak characterization: f € 1211“0 (curl, 2), if and only if
there exists an h € Lz(Q) such that for all g € Clofl’ ()

(h, 812y = (f,curl g)2(q)-
For details see [3, Thm. 4.5].
Lemma B.5. The orthogonal complement of Cf’ﬂ‘j () in H(curl, Q) can be characterized by
CR () = {f e H(curl, Q) | curl f € Hry(curl, Q), curlcurl f = —f}.

366



N. Skrepek and M. Waurick Journal of Differential Equations 394 (2024) 345-374

Proof. Let f € Cii‘l’ (). Then for every g € Cl‘i‘; (£2) we have

0=(f, 8)H(curl,§2) =(f, g)LZ(Q) + (curl f, Curlg)]}(g)-

Hence, curl f € ﬁro (curl, ) and curlcurl f = —f.
On the other hand, if curl f € I:Iro (curl, 2) and curlcurl f = — f, then we have for every
g€ él"fl’ (£2), by the weak characterization of ﬁro (curl, 2),

(fs &) H(cun.@) = (> 812 + (curl f, curl g); 2
= — (Cur] curl f, g>L2(Q) + (Curl f, curl g)LZ(Q) =0. O
Corollary B.6. For every y € V) (I'1) there exists an f € H(curl, Q) such that

Y=y ||¢||er(p1) = ”f”H(curl,Q) = ”Curlf”H(curl,Q)v (12)
curl f € Hry(curl, Q) and curlcurl f = —f. (13)

Moreover, for every g € ﬁro (curl, 2) we have

(curl f, g)H(curl,Q) = (v, nfg>VTX T,V ()"

Proof. Recall that VX(I"y) is isometrically isomorphic to (ker y; |1_1)J-. Hence, for every ¢ €
VX (T'y) there exists an f € (kery,|rl)1- C €°(Q)1 < H(curl, ) such that y: f =¥ and

||1p||vrx(rl) = || f lltg(curt, 2)- By Lemma B.5 we have curl f € ﬁro(curl, Q) and curlcurl f = —f.
Moreover, we have

2 2 2 2 2
=5
Finally, we have
(lﬁ, n‘rg>vr>< (Fl),f;r(rl) = ()/Tfa ntg)er(rl)’f)r(rl) = (Curl fa g>L2(Q) - (fv Cllrlg)LZ(Q)

= (curl f, g);2(q) + (curlcurl f, curl g);2(q)

= (curl f, g)H(cur,)- O

Theorem B.7. The spaces V;(I'1) and V. (T'1) form the dual pair (V. (1), VX (T'1)) with the
dual pairing (-, '>VX(1"1) Vo) defined in (10).

Proof. Note that the mapping W from (11) is well-defined and bounded by the estimate

KV Byx oy .ol < 1 v epllely, )

from Lemma B.2. In particular, ||\IJ(1p)||f}T(F1), < HWHVTX(IH)' Moreover, since the mapping

Ty ﬁro (curl, Q) — f), (I"7) is continuous, the composition g — wu(mg) for fixed u € f},(rl)’
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is continuous from ﬁro (curl, 2) to C. This implies that there exists an & € ﬁro (curl, 2) such
that

w(mrg) = (h, &)u(cun,@) = (h, 8)12(q) + (curl A, curl g); 2 @)

forall g € ﬁpo (curl, 2). In particular for g € € (Q) C ker, we have

O = (h, g)LZ(Q) + <Curlh, Curlg)Lz(Q)

and consequently curl 2 € H(curl, €2) and curl curl 2 = —h. We define & := — curl . Then for an
arbitrary g € Hr, (curl, 2) we have

u(meg) = (h, )12 (q) + (curlh, curl g); 2,
= (—curleurlh, g);2(q) + (curlh, curl g); 2 (@)
= 1(—curl h), — (—curlh, curl
<Cllr( cur ) g)LZ(Q) < cur n cur g)LZ(Q)
=h =h
= <Curlﬁ, g>L2(Q) — (]:l, Curlg)Lz(Q) = ()/TE, T[Tg)VIX(F]),f/T(F])'
This implies u = W(y;h) and therefore the surjectivity of W. Hence, it is left to show

W),y = 1 -
For ¥ € V(I'1) we choose f € H(curl, ©2) as in Corollary B.6

V. D)y o )|

||‘Ij(1ﬂ)||f;r(rl)/ = R sup ||¢|| .

¢V (C'\{0} Ve (Ty)

_ sup |<yffv ﬂfg>vr><(rl)’f;r(rl)|
g€t (curl, )\ker e, I7z&lly, )

[{curl f, g) | (13

> swp LS D0 o £y o
g€, (curl, 2)\(0) & 1H(curl, 2)

= HWHVIX(I‘.)

which finishes the proof. O

Note that by construction our dual pair (]O/r (T'1), VX(T'1)) is not only a dual pair, but its dual
pairing is determined by an inner product, the inner product of the pivot space L%(Fl ). This spe-
cial situation gives additional structure. In particular we call (f), Ty, L% T1), VX (T1)) a quasi
Gelfand triple, see [22,23] for a detailed discussion of this notion. Roughly speaking a quasi
Gelfand triple is a Gelfand triple without continuous embeddings, but instead “closed embed-
dings”. Fig. 3 illustrates the difference to “ordinary” Gelfand triples.
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L2(99)

V,(09) VX (09)

(A) Gelfand triple

(B) Quasi Gelfand triple
Fig. 3. Difference between ordinary and quasi Gelfand triples.
B.3. L? tangential traces
In order to define the set ﬁrl (curl, 2) properly we have to explain what we mean by 7 f €

L?(I'y). First, we want to recall that the space ﬁro (curl, ©2) is defined as the set of all f €
H(curl, 2) that satisfy

(curl f, p)1 2y — (focurlg) 2y =0 forall ¢e C10§1> R3).
Note that, as we have already used, this set coincides with the closure of IZIILO(Q) in H(curl, 2),
see [3].
Finally we define what it means for an f € H(curl, Q) to have an L?(I';) tangential trace.
There are two a priori different approaches: a weak approach by representation in an inner prod-
uct and a strong approach by convergence.

Definition B.8 (weak L% (I'1) tangential trace).

e For f € H(curl, 2) we say y; f is weakly in L% (I'"y), if there exists an h € L% (I"1) such that

(curl £, @)1 2y — (f curl @)y 2iq) = (h, T @) 2,y forall ¢ e CR(R?).

We then say y; f = h weakly (on I'1).
e For g € H(curl, 2) we say ;g is weakly in L%(Fl ), if there exists an i € L% (T"1) such that

(curl g, g)12(g) — (¢, curl g)2@) = (e, W2, forall ¢ € CF(RY).
We then say 7, g = h weakly (on I'y).
Definition B.9 (strong L% (I'1) tangential trace).

e For f € H(curl, 2) we say y; f is strongly in L% (I'p), if there exists a sequence (¢y),cN in
C°(R3) andan h € L%(Fl) such that

I f = @nllaeut,e = 0 and  [lyren — hli2r) — 0.
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We then say y; f = h strongly (on I'1).
e For g € H(curl, ©2) we say m; g is strongly in L% (I'1), if there exists a sequence (¢p),ecN in
éoo(]R3) andan h € L%(Fl) such that

g — ¢nllneun,e) = 0 and  |l7we@n — Al 2, — 0.
We then say ;g = h strongly (on I'y).
Note that it is not really necessary to have separate definition for 7, f € L% ('y) and . f €
L%(Fl), as they are actually equivalent (both weakly and strongly, respectively). In particular, if

one of these tangential trace is L% (I'"1), then we can calculate the other by the following formula

w:f =y f xvorequivalently v x ;. f =y, f.
Note that we can replace ¢ € CI‘Z%(R3) by ¢ € HILO (2) (by a density argument) in the weak
definition.

Remark B.10. The previous definitions can also be formulated in terms of the boundary spaces
V(') and Ve (I'):

e Wesay ¢ € V(I'1) is weakly in the pivot space L%(Fl ), if there exists an h € L% (T"1) such
that

W By oy = (s Dy forall ¢ e M(TY).

Hence, y; f € L2(F 1) weakly, if

(Ve fo e 8yx ey by = (s egiar,)  forall g € Hy ().
Clearly, we can do the same for V;(I'1) and n;.

e We say € VX(I') is strongly in L% (T"y), if there exists a sequence (V,),eN in M*(I'1)
andan h € L% (I"1) such that

1V = ¥llyxr,) =0 and ¥y = hlli2r,) = 0.

Hence, v, f € L3(I) strongly, if there exists a sequence (f;),eN in HY(Q) and an & €
L2(I"y) such that

lye fu — Vrf”yrx(rl) —0 and |ly:fn— h”L%(l"]) — 0.

Note that y;: (kery.|. )+ — VX (T'1) is a unitary mapping. Therefore, we can modify

|F1
(fw)nen such that we also have || f, — f | Hceur. ) = 0-°

6 If we really want to prove this modification of f,, such that the other properties are preserved, we would also use
——  H(curl,Q)
ker)/z|r1 :keryrhﬂ1 NHY(Q) .
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Since we have a proper definition for 7, f € L% (I'1) we can finally properly define the space
ICIrl (curl, 2).

Definition B.11. We define

Hr, (curl, Q) == {f € H(curl, Q) | 7, f € L2(I') weakly}
= {f e H(curl, Q) |y f € L2(I'y) weakly}

and endow this set with the “natural” inner product

(f, g)f{rl curl.o) = (fs 82 + (curl f,curl g)r 2oy + (e fL 812 (r))

= (/. 8)12(q) + (curl £ curl )y 2oy + (v fo ve&)rL2(r))-

Note that for f € H(curl, ©2) it is straightforward to show, that m; f is strongly in L%(Fl)
implies it is also weakly in L%(Fl) and the weak L%(Fl) trace equals the strong one. Hence,
the set of all f € H(curl, ) that satisfy m, f € L%(Fl) strongly is a subspace of ﬁrl (curl, 2).
In particular it is the closure of HY () in ﬂrl (curl, Q) w.r.t. ”‘”ﬁr (curl.Q)" The question that
immediately arises is: “Do these sets coincide?” or equivalently ]

“Is H'(%) dense in Hr, (curl, @) Wt |l cun0)?”

For I'y = 92 this question was answered in the affirmative in [4]. For general I'y this question is
formulated as an open problem in [25] (to be precise the dual version of this question was asked
in [25], which we will formulate later in (15)) and was recently answered in the affirmative in
[24].

If we want to characterize L? tangential traces on I'y for functions that additionally have a
homogeneous tangential trace on I'g, then it turns out to be more convenient to regard this in
a combined way. More precisely, we do not look at the space Ar ,(curl, 2) N Iilro (curl, 2), but
at ﬁag(curl, QN ﬁro (curl, €2). This means that we regard functions that have an L2 tangential
trace on the entire boundary and on one part of the boundary this tangential trace vanishes. One
might hope that these spaces coincide, but it is even unclear to us, whether

Hr, (curl, Q) N Hr, (curl, ) = Hyg (curl, ) (14)

holds true. Hence, these questions can be seen as open problems.
Anyway, for our purpose it suffices to work with Hyq(curl, 2) N Hr, (curl, 2). A strong ap-
proach to that space would be to regard limits of ISIIL0 (2) elements w.r.t. ||-|| flyo(curl.Q)? which is

the closure of ISIILO(Q) in ﬁag(curl, Q)N ﬁro (curl, 2). Again the question that arises is:
“Is H,, () dense in Hag (curl, @) N Hr, (curl, ) (wrt. -lg, - cut.0)?” (15)
This is the actual formulation of the open problem of [25, eq. (5.20)] and at the end of section 5
in [25]. Also this question was answered in the affirmative recently in [24].
Hence, long story short, we do not have to distinguish between strongly and weakly in

L%(Fl) in neither case. This is in particular of advantage, because we want to formulate our
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boundary conditions in L% (I'1) and the framework of quasi Gelfand triples would regard one of

Ve Trpn L% (T)and V(TN L% (") strongly and the other one — for duality reasons — weakly.
Therefore, now we avoid to have two different concepts of L%(Fl) tangential traces.

B.4. Contraction semigroup

Finally, we want to consider the actual question of this section. It lies in the nature of block

0 curl
—curl 0

we have to define the domain of the (adjoint) lower left block weakly. The same goes for the
corresponding traces. In this particular case, where both operators are basically the same, this
leads to the strange situation where we have to introduce two a priori different definitions for
the domain of the same operator. Luckily as we have discussed in this section both approaches
coincide and consequently we just need one definition.

In order to justify that A generates a contraction semigroup we want to use [21, Thm. 5.3.6]
or originally [22, Thm. 7.6 & Ex. 7.8]. For convenience we provide [21, Thm. 5.3.6] as Theo-
rem B.12. In order to understand how this theorem is applicable, we have to translate our setting
into their notation. In particular our setting is a special case of a general theory. As we have re-
marked at the beginning of this section our operator fits into the framework of [22], because we
can decompose the curl operator into curl = Z?:l d;iL; = Ly, as we did in (8). The correspond-
ing Hermitian transposed operator LS‘ is in our case (by the skew-adjointness of L;)

operators like [ ], that if we define the domain of the upper right block strongly, then

Lg = ZaiL;" = —curl.
i=1

Consequently, the block operator Pj that is regarded by the theory in [22,21] matches our block

differential operator
Py 0 Lz|_ | O curl
ST 0| T —eul 0 |

In our case the additional Py is just 0. For the boundary operators and boundary space we have
the following translation

np=m;, Ly=y, and L2(I'))=L3T)).

Theorem B.12 (2], Thm. 5.3.6]). Let M be a strictly positive linear operator on L721 (T"1). Then
the operator A = (Py + Po)H with domain

_ -1 IfIrO(LQ,Q)
domA_{)CeH |:H(L3,Q)

7L (Hx) i+ ML,(Hx), =0in L},(rl)}

(Hx) H ]

generates a contraction semigroup, where Hx = [ o)
L

Note that the previous theorem applied to our situation has the allegedly weaker condition

D 1 [Hry(curl, )] . D _1 [ Hyq(curl, ) N Hr, (curl, )
|:B:| eH [ H(curl, Q) instead of B|€ H ﬁrl(curl, Q) .
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However, since the boundary condition is formulated in L%(I‘l), we can also integrate this di-
rectly into the space and obtain our original condition.” Therefore, we finally conclude the
following corollary.

Corollary B.13. The operator Ag from (4) generates a contraction semigroup.

Alternatively, it was also shown in [25] that Ay generates a contraction semigroup.

Note for elements in the domain of Ay we can apply the extended integration by parts formula
Lemma B.4 and replace the dual pairing by an L%(Fl) inner product as all elements in dom A
have L? tangential traces. Hence, applying this integration by parts formula twice for both rows
of Ag gives the following lemma.

Lemma B.14. For x = [g"] ,y= [gy] € dom Ag we have

-1 -1 -1 -1
(on,y)y+<x,Aoy>H=(nze Dy, yrp By>L2(F1)+<VrM B, e Dy>L2(F1)

and in particular

Re(Aox. =R< -p, —1B> .
e{Aox, x)3 =Re(mre Dy, yrpt 2
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